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Introduction to Bioinformatics
Lecture 6




Course Announcements

Instructor:
* Mohammed El-Kebir (melkebir)
e Office hours: Wednesdays, 3:30-4:30pm

TA:

* Leah Weber (leahlw2), office hours: Mondays, 4-5pm via Zoom or in person 3™
floor Siebel by elevator

* Yuanyuan Qi (yq7), office hours: Fridays, 9-10am via Zoom or in person 3™ floor
Siebel by elevator

Homework 1 due 9/16 by 11:59pm




Outline

* Multiple sequence alignment
* Exact algorithm
e Sum-of-pairs (SP) score

Reading:
* Jones and Pevzner. Chapter 6.10



Motivation

Simultaneous alignment of
multiple (> 2) sequences
enables inference of subtle
similarities that are conserved
in more than two species
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RLA0O_PYRAE -MMLAIGKRRYVRTRQ¥PARKVKIVSEATELLOKYPYVFLFDLHGLS RILHEIEYRL@RY GVIKIIKPFLFK IAFTKY¥GG - --IPAH 85
RLAO_METAC ------ MAEERHHT EHIPQWKKDE IENTKELIQS VFGMVGIIgILRTKM I RDLva AVLKVSE |I§§ALNQLG ————— ETIP 78
RLA0 METMA ------ MAEERHHT EHTPQWKKDETENTKEL TQSHKVFGMVRIEGTLATKIQK TRRDLKDY - AVLKVSE ALNQLG----- ESIP 78
RLAO_ARCFU ------ MAAVRES - - -PPE¥KVRAVEE IKRMISSKPVVAIVSFRNVRAG LERALDALG- - --- GD¥L 5
RLAO METKA MAVKAKGQPPSGYEPKVAEWKRREVKELKELMDE¥ENVGLVDLEGIPAP MR IALEEKLDER--PELH 88
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BRLAO0 METTH -—-—---—-=—=—= MAHYAEWKKKEVQELHDLIKGYXEVVGIANLADIPA ISLALEKAGREL--ENYD 74
RLA0 METTL ------- MITRESEHKIAPWKEEEVNKLK LKNGQIVALVYDMMEVYPA INDKIR GTM IEBAIKEVB TGNPEFA 82
RLA0 METV¥A - ------ MIDAKSEHKIAPWKIEEYNALKELLKSANVIALIDMMEYPAY IRDKIR-DQMTL] IKRAYEEVAEETGNPEFA 82

= | | |
RLA0 METJA -------- METKYKAHVAPWKIEEVKTLKGLIKSKPYVAIVDMMDVYPAP IRDKIR DKYKLRERMSRE IT] ALKEAH LNNPKLA 81

RLA0 PYRAB --—-—--------—-- MBHVBEWKKKEVEELANLIKS VIALVDVSSMPBYPLSQM&RLIRENGGLLRV R IELAIKKRR LGKPEL 77

RLA0 PYRHO ------------- MBHVHEW‘KKEVEELAKLIKS VIALVDVSSMPBYPLSQMRRLIRENGGLLRV IELAIKKHBKELGKPEL 77
BRLAO PYREU ~==-==rt===oass MBHVBEWKFKEVEELENLIKS VVBLVDVSSMPAYPLSQMRRLIRFNNGLLRV H IELRIKFVRIELGKPEL T
RLA0 PYRKO ------------- MRHVBEWKKKEVEELBNIIKS VIALVDVAGVPBYPLSKM&DKLR GKALLRYSRE IELAIKRAAQELGQPEL 76
RLA0 HALMA ----- MSRESERKTETIPEWKPEEVDBIV'MIES SYGYVVYNIAGIP MERDLHGT RELRV RNTLLERALDDYD----- DGL 79
RLA0 HALYO ----- MSESEVRQTEVIPQWKBEEVDELVDFIES SYGYVGYAGIPSROLOSMRRE LHGS -AAVREMSENTLYNRALDEYN---—— DGF 79
RLA0 HALSA ----- MSAEEQRTTEEVPEWKRQEVAELVDLLET SYGYVYNVYTGIP M&RGLHGQ AALRMSR RALEEAG---—- DGLD 79
RLA0 THEAC ------------- MKE¥SQQOKKELV¥NEIT IKBSRSVBIVDIRGIR IRGKNRGK INLKVIKK LFKHLENLGD————EKLS 72
BRLAO 'THEYO —-—=ro-=smsss MRKINPKQKEIVSELAIﬁITKSKBVBIVDIKGVR I AKN K- VKIKVVKK LFKBLDSIND————EKLT 12
RLAO [PICTO; —=—==i=o—iooo== MTEPRQWEIDFVKNLENEINSRKVAAIVSIKGLRNN IRNSIRDK BRIKV.EHRLLRLRIEN.GK————NNIV 72
ruler 1....... 1 L 200000 v e F 0 e I L 1 e 1 R G S s L 90

‘Pairwise alignment whispers ... multiple alignment shouts out loud”.
Hubbard, Lesk, Tramontano, Nature Structural Biology 1996.
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Multiple Sequence Alignment (MSA)

A multiple sequence alignment M between k strings vy, ...,V is a
k X q matrix, where ¢ = {max{|v;| : i € [k]}, ..., Xr_; |V;|} such
that the i-th row contains the characters of v; in order with spaces
‘“’ interspersed and no column contains k spaces

>

G2

Question: How to
score a multiple
sequence alighment?




Scoring a Multiple Sequence Alignment

>

G2

Question: How to
score a multiple
sequence alighment?

Pairwise scoring function:
6: QU{-HDxEU{-})->R




Scoring a Multiple Sequence Alignment

A G C G -
A G T - C
A A C - A

Question: How to
score a multiple
sequence alighment?

Pairwise scoring function:

S:Cu{-hD)xCEu{-}H)-R

k-wise scoring function:

§: CU{-HDFkK-R




Outline

* Exact algorithm
e Sum-of-pairs (SP) score

Reading:
* Jones and Pevzner. Chapter 6.10



Aligning Three Sequences

* Same strategy as pairwise edit distance
* Use 3-D cube, with each axis representing an input sequence
* Alignment is a path from source to sink cource

v ™

2-D Edit Graph ilt________l

3-D Edit Graph Sink
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2-D vs 3-D Vertex Neighborhood

(i-1,j-1,k-1) (i—1,j,k—1)

¢-1j- SR D EETE N

_

(i'j _ 1) (lr])

2-D Neighborhood
(3 edges)

(L), k)

3-D Neighborhood
(7 edges)



3-D Sequence Alignment s

(i—1j—-1k) (i—1,j,k)

0(x,y,z) is an entry in 3-D scoring matrix

\
(Lj-Lk-1 (,jk-1)

aN

/=10 i, )



3-D Sequence Alignment

0(x,y,z) is an entry in 3-D scoring matrix

Given three sequences each of length n,
running time: 0(n?)

v

sli, j, k] = max <

\ <[

sli — 1,5 — 1,k — 1] + 8(vs, w;, ug),
sli—1,7 — 1,k + 0(vi, wj, —),

sli — 1,5,k — 1] + d(vi, —, ug),
sli,j— 1,k — 1]+ 6(—, w;, ug),

sli — 1,7, k] + 0(v;, —, —),

sli, 7 — 1, k| +6(—,w;,—),

sli, g,k — 1] 4+ 6(—, —, ug),

(i-1j—1k—1) (i—1,j,k-1)

(i—1,j—1k) (i—1,j,k)

|
Gj-LE-1) (.jk-1)

aN

(Lj—1,k) (L.J, k)

no gaps

one gap

two gaps



3-D vs k-D Vertex Neighborhood

(i-1,j-1,k-1) (i—1,j,k—1)

ENEIETI N

(ii—1iy—1, e ipq — 1, — 1)
(= 1iy—1, e, ippq — 1, ip)

(i iy — 1, e igq — 1,0 — 1)

(i1 — 1,09, er, ig—1, i)

| (ig, iz, s i1, ix — 1)

(i, —1,k) (i), k)
3-D Neighborhood k-D Neighborhood
(7 edges) (2% — 1 edges)



(i-1j—1k—1) (i—1,j,k-1)

k-D Sequence Alignment — N
(i—1,j—1,k) (i—1,j,k)
0(xq,...,Xg) is an entry in k-D scoring matrix
Given k sequences each of length n, it =1 k=)
running time: 0 (2%n’) N
(.j—Lk) (L.J, k)
(S[il — 1,9 —1,.. . 01 — 1,2 — 1] + 5(V1[i1],V2[i2], c. ,Vk_l[’l:k_l],vk[ik]) NO gaps
8[7:1 - 177:2 - 17 s 77:]6—1 - 177’/{3] + 5(V1[i1],V2[i2], s 7Vk—1[i/{:—1]7 _)
one gap
o ) ) S[i17i2_17"'7ik}—1_177:16_1]+5(_7V2[i2]7"'7Vk—1[7:k—1]7vk[ik])
8[21,22, e ,Zk-_l,Zk] = max {
S[il — 1,i2, - ,ik;_l,’ik] -+ 5(V1[’l:1], ey —)
k — 1 gaps
\3[i17i27 - e 7i/€—17ik - 1] + 5(_7 Ty _7Vk[ik])




Multiple Sequence Alignment — Running Time

Given 2 sequences each of length n,
running time: 0(n?)

Given 3 sequences each of length n,
running time: 0(n3)

Given k sequences each of length n,
running time: 0(2*n")




Multiple Sequence Alignment — Running Time

Given 2 sequences each of length n,
running time: 0(n?)

Given 3 sequences each of length n,
running time: 0(n3)

Question: Can we align
k sequences each of
length n in time

O(poly(n))?

Given k sequences each of length n,
running time: 0(2*n")




Multiple Sequence Alignment — Running Time

Given 2 sequences each of length n,
running time: 0(n?)

Given 3 sequences each of length n,
running time: 0(n3)

Question: Can we align
k sequences each of
length n in time

O(poly(n))?

Given k sequences each of length n,
running time: 0(2*n")

Let’s look at a wieldier
scoring function




Outline

e Sum-of-pairs (SP) score

Reading:
* Jones and Pevzner. Chapter 6.10



Multiple Alignment Induces Pairwise Alignments

Vi | A T - G C -

Vo | A - C G T C

V3 | A T C A C A
A C/Gl-| V1A -1G|C VoA G C
A T -|C| V3|A C|lA|C V3| A A A

Resulting columns with -/- are removed
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Sum-of-Pairs (SP) Score

A T - G | C G -
A - C G T - C
A | T C | A | C - A

5(v;,v;) is score of induced

pairwise alighment of
sequences (V;, V;)

Multiple sequence alignment M

>

T

C

G

>

T

C

Vi1

V3

A

T

G

CIG|-

VoA -1 C

(0
H
(@

A

T

C

A

A| V3

AT C

SP-score(M) = Zle Zf=i+1 S(v;, Vj)
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Sum-of-Pairs (SP) Score — Example

Match score: 3
Mismatch score: 1
Gap score: —1

vil A | T G - C
V2 | A — G - C
V3| A | T c | C | C
Multiple sequence alignment M

Question: Calculate
SP-score(M) =

k k
i=1 Zj=i+1 S(vi, vj)




Sum-of-Pairs (SP) Score — Example

Match score: 3
Mismatch score: 1
Gap score: —1

vil A | T G - C
V2 | A — G - C
V3| A | T c | C | C
Multiple sequence alignment M

Question: Calculate
SP-score(M) =

k k
i=1 Zj=i+1 S(vi, vj)

We can sum over scores for
the columns, ignoring -/-




Multiple Sequence Alignment Problem w/ SP-Score

A multiple sequence alignment M between k strings vy, ...,V is a
k X q matrix, where ¢ = {max{|v;| : i € [k]}, ..., Xi—1 |V;|} such
that the i-th row contains the characters of v; in order with spaces
‘“’ interspersed and no column contains k spaces

MSA-SP problem: Given strings vy, ..., v find multiple sequence
alignment M with minimum value of

SP-score(M*) = YK, Z;‘ziﬂ 5(v;,vj) where S(v;, v;) is the score
of the induced pairwise alignment of (v;, v;) in M”




3-D MSA-SP

0(x,y,z) is an entry in 3-D scoring matrix

|
(L=  Gjk=1]

aN

(i,j—1,k) (i,j, k)



3-D MSA-SP

0(x,y,z) is an entry in 3-D scoring matrix

Given three sequences each of length n,
running time: 0(n?)

Zl — 177:2 - 1723

Zl - 17i27i3 - ]-

d[’il,ig,ig] :m1n< _’il,iz—l,ig—l_

QL & Q& & Q& & &

+ 5(V1

21 — 1,ig,i3: —|— 20’
:’1:1,7;2 — 1,23 —|— 20’

:’il,ig,’ig — 1 + 20

21
+ 0(va|i1]

+0(valiz

2
i3,
73]

two gaps

one gap

(i—1,j—1,k)

(i—1,j,k)

|
Gj-LE-1) (.jk-1)

(.j—Lk)

Zl — 1,i2 — 1,i3 — ].] + 5-(\/'-1[2'1],V [22]) + 5(V1[i1],V3[i3]) -+ 5(V2[i2],V3[i3])

aN

(L.J, k)

no gaps



k-D MSA-SP

Computing SP-score in each case: 0(k?) time

Given k sequences each of length n,
running time: 0 (k?2*n*)

d[il,ig, .« o ,’l:k_l,’l:k] — m1n<

S[il — 1,?:2, c o ,i]{;_l,ik] + (k — 1)0’

\S[i17i27 SR 7ik—17ik _ 1] + (k o 1)0-

k — 1 gaps

(i—1,j—1,k)

(i—1,j,k)

|
Gj-LE-1) (.jk-1)

(.j—Lk)

(sliv — Ldo — 1, it — L — 1)+ 30 Sy 8(vplip], Valig))
sliv — Lyia — 1,y ipe1 — L) + (K — D)o + 301 Soo_ ) 8(vpl[ip], alig))

slit,i2 — 1, .o yig—1 — Lyig — 1] + (k= 1)o + Zﬁ:g zl;:p—i—l 6(Vplip); valig])

aN

(L.J, k)

no gaps

one gap



k-D MSA-SP

(i—1,j—1k) (i—1,j,k)

Computing SP-score in each case: 0(k?) time

Given k sequences each of length n,

|
Gj-LE-1) (.jk-1)

running time: 0 (k?2%n’) N
(L,j—Lk) (@), k)
rs[il - 177:2 — 17 <. 7ik—1 - 1774{3 - 1] =+ Zf;:l Z];:p—Fl 5<Vp[ip]7VQ[iQ]) NO gaps
sliv — Lyia — 1,y ipe1 — L) + (K — D)o + 301 Soo_ ) 8(vpl[ip], alig))
: one gap
o - | sliviz =1, i = L — 14 (k= Do+ 30, S0 6(vplip], valig))
dli1,i9,...,0k—1,1k] = min < _
S[il — 1,i2, c o ,i]{;_l,ik] + (k — 1)0’
) k — 1 gaps Question: How many

[ sli1, 00, ... 0k_1,0x — 1]+ (kK —1)o cases have 2 gaps?




Multiple Sequence Alignment Problem w/ SP-Score

MSA-SP problem: Given strings vy, ..., v find multiple sequence
alignment M with minimum value of

SP-score(M'*) = Y X, Z;‘ziﬂ 5(v;,v;) where S(v;, v;) is the score
of the induced pairwise alignment of (v;, v;) in M~

Question: Can we align k
sequences each of length n
in time O(poly(n))?




Multiple Sequence Alignment Problem w/ SP-Score

MSA-SP problem: Given strings vy, ..., v find multiple sequence
alignment M with minimum value of

SP-score(M'*) = Y X, Z;‘ziﬂ 5(v;,v;) where S(v;, v;) is the score
of the induced pairwise alignment of (v;, v;) in M~

Question: Can we align k No, MSA-SP is NP-hard.

seguences each of |ength n [WANG, L., & JIANG, T. (1994). On the Complexity
] ] of Multiple Sequence Alignment. Journal of
in time O (pOlY(n)) ? Computational Biology, 1(4), 337-348.

http://doi.org/10.1089/cmb.1994.1.337]




Inverse Problem: From Pairwise to Multiple Alignment

>
(@
Q)
@
H
G)
(0
I
(@
b
>

>
0
@
0

[

[
@
>
@
5
@

Question: Can we construct
a multiple alignment that
induces the above three
pairwise alighments?

>

@)

>
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Inverse Problem: From Pairwise to Multiple Alignment

>
(@
Q)
@
H
G)
(0
I
(@
b
>

>
0
@
0

I

I
@
>
@
5
@

Question: Can we construct
a multiple alignment that
induces the above three
pairwise alighments?

>

>

Not always!
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Compatibility

AAAATTTT

Compatible: Pairwise alignments
can be combined into multiple I e
alignment

TTTTGGGG AAAAGGGG
AAAA~---GGGG
-—=TTTTGGGG

AAAATTTT

AAAATTTT-=~- / \, ===AAAATTTT

Incompatible: Pairwise alignments
cannot be combined into multiple N
alignment




Compatibility

Compatible: Pairwise alighments
can be combined into multiple

alignment

I11 u - ui,
vy vf vI3 vT

W, 3 3

= Indicate incompatible pairwise alighment

Incompatible: Pairwise alignments
cannot be combined into multiple

alignment

AAAATTTT

\
\\
AAAATTTT--~ /
- =TTTTGGGG/ e TTTTGGGG
/ AAAATTTT ==~
AAAA---GGGG
TTTTGGGG

AAAA---GGGG
-—=TTTTGGGG

; e pa

AAAATTTT

\| ===AAAATTTT
\GGGGAAAA -~~~

\
\. AAAATTTT---
\AAAA---GGGG

AAAAGGGG

GGGGAAAA

TTTTGCGGG
- =GGGGAAAA
TTTTGGGG ==~

34



From Compatible Pairwise to Multiple Alignment

Optimal multiple alignment

(Sub)optimal multiple alignment

Easy

v

N
Challenging

Pairwise alignments between all
pairs of sequences, but they are
not necessarily optimal

Good (or optimal) compatible
pairwise alignments between all
sequences




summary

* Multiple sequence alignment
* Exact algorithm
e Sum-of-pairs (SP) score

Reading:
* Jones and Pevzner. Chapter 6.10



