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Outline

* Hidden Markov Models: Viterbi algorithm

Reading:
* Jones and Pevzner: Chapters 11.1-11.3
* Lecture notes



CpG Islands

Question: Given four nucleotides X = {4, T, C, G}, what is the
probability of observing dinucleotide CG?




CpG Islands

Question: Given four nucleotides X = {4, T, C, G}, what is the
probability of observing dinucleotide CG?
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Cytosine 5-methyl Thymine
CytOSine Source: Wikipedia

CG2>C*G2>TG

CG is least observed dinucleotide as C is easily methylated and has
tendency to mutate into a T afterwards




CpG Islands

* Methylation is suppressed around promoter
regions of genes in a genome. So CG appears
at relatively high frequency within these CpG
island.

* Finding CpG islands in a genome is an
important problem for annotating genes and
regulatory regions.

CATTC CCTTCTCTCC AGGTGG TGGGA
GGTGTTTTGCT GGTTCTGTAAGAATAGGCCAGG
CAGCTTCC GGATG CTCATCCCCTCT G
GGTTC CTCCCAC Cc T GC GTT
C CCTG AGATGTTTTC A GACAATGATTC
CACTCT G CCTCCCATGTTGATCCCAGCTCCT
CTG GG TCAGGACCCCTGGGCCC cCCC
CTCCACTCAGTCAATCTTTTGTCCC TATAAGG
GATTAT GGGTGGCTGGGGG GCTGATTC A
AATGCCCTTGGGGGTCACC GGAGGGAACTC
GGCTC GCTTTGGCCAGCC CACCCCTGGT
TGAGC GCC AGGGCCACCAGGGGG CT
ATGTTCCTGCAGCCCCC CAGCAGCCCCACTCC
C GCTCACCCTA ATTGGCTGGC CCC AG
CTCTGTGCTGTGATTGGTCACAGCC TGTC T
GG C GGG GATA AGGTGA CA
GAGGCCCAGCT GGG GTGTCC C G
ACTG GG GAGTTT AGGGC AAG
GGGCAGTGTGA GCAG GTCCTGGGAGG C

c T GAGCAGCTCCC TCCTC CA
GC TCAC C GC T C CCCTGGCC
TCC CACT CACTCCTGTC C CCCAC

CCCACCTCCCACCT ATG GTGC GGCTGC
TG TGATGGGGCTG GAG G CCCTG G
cT G GC CTGCT CTGAGGTG T
GTGCC GCCCCC ccce Cc
GCTCCTGTTGACC GTC CC T GTCTGC
AG GCTGAGGTAAGG G GGGCTGGC
GTTGG C GT GGGTTGGGGAGGG
GGC CTTC GGGAGGAG GC GGCCGG
GGTC GG GGGTCTGAGGGGA

CTCTTAGTTTTGGGTGCATTTGTCTGGTCTTCCAAA
CTAGATTGAAAGCTCTGAAAAAAAAAACTATCTTGT
GTTTCTATCTGTTGAGCTCATAGTAGGTATCCAGGA
AGTAGTAGGGTTGACTGCATTGATTTGGGACTACAC
TGGGAGTTTTCTT CCATCTCCCTTTAGTTTTCCT
TTTTTTCTTTCTTTCTTTITCTTITTITTTITCTTITITITTIT
TTGAGATGT TCTTGCTCAGTCCCCCAGGCTGGA
GTGCAGTGGTG ATCTTGGCTCACTGTAGCCTCC
ACCTCCCAGGTTCAAGCAATTCTACTGCCTTAGCCT
CC AGTAGCTGGGATTACAAGCACC CCACCAT
TCCTGGCTAATTTTTTTTTTTGTATTTTTAGTTGAGA
CAGGGTTTCACCATGTTGGTGATGCTGGTCTCAGA
CTCCTGGGGCCTAG ATCCCCCTGCCTCAGCCT
CCCAGAGTGTTAGGATTACAGGCATGAGCCACTGT
ACC GCCTCTCTCCAGTTTCCAGTTGGAATCCAA
GGGAAGTAAGTTTAAGATAAAGTTA  ATTTTGAAAT
CTTTGGATTCAGAAGAATTTGTCACCTTTAACACCT
AGAGTTGAA TTCATACCTGGAGAGCCTTAACATT
AAGCCCTAGCCAGCCTCCAGCAAGTGGACATTGGT
CAGGTTTGGCAGGATT TCCCCTGAAGTGGACT
GAGAGCCACACCCTGGCCTGTCACCATACCCATCC
CCTATCCTTAGTGAAGCAAAACTCCTTTGTTCCCTT
CTCCTTCTCCTAGTGACAGGAAATATTGTGATCCTA
AAGAATGAAAATAGCTTGTCACCT TGGCCTCAG
GCCTCTTGACTTCAGG GTTCTGTTTAATCAAGT
GACATCTTCC AGGCTCCCTGAATGTGGCAGATG
AAAGAGACTAGTTCAACCCTGACCTGAGGGGAAAG
CCTTTGTGAAGGGTCAGGAG

Left: CpG sites at 1/10 nucleotides, constituting a CpG island. The
sample is of a gene-promoter, the highlighted ATG consitutes the

start codon.

Right: CpG sites present at every 1/100 nucleotides, consituting a
more normal example of the genome, or a region of the genome

that is commonly methylated.

Source: Wikipedia



CpG Islands

* Methylation is suppressed around promoter
regions of genes in a genome. So CG appears
at relatively high frequency within these CpG
island.

* Finding CpG islands in a genome is an
important problem for annotating genes and
regulatory regions.

Input: DNA sequence x = z1x5...2,

Output: 7: {1,...,n} — {yes,no}

X = CGAT TG CGA AAAAAAT  AACGA

CATTC CCTTCTCTCC AGGTGG TGGGA
GGTGTTTTGCT GGTTCTGTAAGAATAGGCCAGG
CAGCTTCC GGATG CTCATCCCCTCT G
GGTTC CTCCCAC Cc T GC GTT
C CCTG AGATGTTTTC A GACAATGATTC
CACTCT G CCTCCCATGTTGATCCCAGCTCCT
CTG GG TCAGGACCCCTGGGCCC cCCC
CTCCACTCAGTCAATCTTTTGTCCC TATAAGG
GATTAT GGGTGGCTGGGGG GCTGATTC A
AATGCCCTTGGGGGTCACC GGAGGGAACTC
GGCTC GCTTTGGCCAGCC CACCCCTGGT
TGAGC GCC AGGGCCACCAGGGGG CT
ATGTTCCTGCAGCCCCC CAGCAGCCCCACTCC
C GCTCACCCTA ATTGGCTGGC CCC AG
CTCTGTGCTGTGATTGGTCACAGCC TGTC T
GG C GGG GATA AGGTGA CA
GAGGCCCAGCT GGG GTGTCC C G
ACTG GG GAGTTT AGGGC AAG
GGGCAGTGTGA GCAG GTCCTGGGAGG C

c T GAGCAGCTCCC TCCTC CA
GC TCAC C GC T C CCCTGGCC
TCC CACT CACTCCTGTC C CCCAC

CCCACCTCCCACCT ATG GTGC GGCTGC
TG TGATGGGGCTG GAG G CCCTG G
cT G GC CTGCT CTGAGGTG T
GTGCC GCCCCC ccce c
GCTCCTGTTGACC GTC CC T GTCTGC
AG GCTGAGGTAAGG G GGGCTGGC
GTTGG C GT GGGTTGGGGAGGG
GGC CTTC GGGAGGAG GC GGCCGG
GGTC GG GGGTCTGAGGGGA

CTCTTAGTTTTGGGTGCATTTGTCTGGTCTTCCAAA
CTAGATTGAAAGCTCTGAAAAAAAAAACTATCTTGT
GTTTCTATCTGTTGAGCTCATAGTAGGTATCCAGGA
AGTAGTAGGGTTGACTGCATTGATTTGGGACTACAC
TGGGAGTTTTCTT CCATCTCCCTTTAGTTTTCCT
TTTTTTCTTTCTTTCTTTITCTTITTITTTITCTTITITITTIT
TTGAGATGT TCTTGCTCAGTCCCCCAGGCTGGA
GTGCAGTGGTG ATCTTGGCTCACTGTAGCCTCC
ACCTCCCAGGTTCAAGCAATTCTACTGCCTTAGCCT
CC AGTAGCTGGGATTACAAGCACC CCACCAT
TCCTGGCTAATTTTTTTTTTTGTATTTTTAGTTGAGA
CAGGGTTTCACCATGTTGGTGATGCTGGTCTCAGA
CTCCTGGGGCCTAG ATCCCCCTGCCTCAGCCT
CCCAGAGTGTTAGGATTACAGGCATGAGCCACTGT
ACC GCCTCTCTCCAGTTTCCAGTTGGAATCCAA
GGGAAGTAAGTTTAAGATAAAGTTA  ATTTTGAAAT
CTTTGGATTCAGAAGAATTTGTCACCTTTAACACCT
AGAGTTGAA TTCATACCTGGAGAGCCTTAACATT
AAGCCCTAGCCAGCCTCCAGCAAGTGGACATTGGT
CAGGTTTGGCAGGATT TCCCCTGAAGTGGACT
GAGAGCCACACCCTGGCCTGTCACCATACCCATCC
CCTATCCTTAGTGAAGCAAAACTCCTTTGTTCCCTT
CTCCTTCTCCTAGTGACAGGAAATATTGTGATCCTA
AAGAATGAAAATAGCTTGTCACCT TGGCCTCAG
GCCTCTTGACTTCAGG GTTCTGTTTAATCAAGT
GACATCTTCC AGGCTCCCTGAATGTGGCAGATG
AAAGAGACTAGTTCAACCCTGACCTGAGGGGAAAG
CCTTTGTGAAGGGTCAGGAG

Left: CpG sites at 1/10 nucleotides, constituting a CpG island. The
sample is of a gene-promoter, the highlighted ATG consitutes the

start codon.

Right: CpG sites present at every 1/100 nucleotides, consituting a
more normal example of the genome, or a region of the genome

that is commonly methylated.

TTATATCG

m = yes no yes no yes

no

Source: Wikipedia

Question: How do we identify CpG islands?




A Related Problem: Fair Bet Casino

* Game s to flip coins, two outcomes:

@ Y

&, 5
O e, D &
&7
L" <>

Head or Tail

e Two coins: Fair and Biased
Pr(H | F)=Pr(T | F)=1/2
Pr(H | B) =3/4,Pr(T | B) =1/4

* The crooked dealer changes between
Fair and Biased coins with probability 10%



CpG Islands and Fair Bet Casino

CG Islands
Input: DNA sequence X = x125 ...z, Where x; € {A,T,C,G}
Output: 7:{1,...,n} — {yes,no}

X = CGAT TG CGA AAAAAAT  AACGA  TTATATCG

T = vyes no  yes no yes no

Fair Bet Casino

Input:  Coin flips X = z122 ... 2, where z; € {H,T'}
Output: 7:{1,...,n} — {F, B}

X

-

/
T

002200220 Question: Given X, what is
F F F B B B B B F F |ke| : T or T[,?
F F F B B F F more i y. )

F
B F F F




Markov Model M = (Q, A)

* Set of states Q
* Markov property:

Pr(Qi=qi| Q1 =q1,...,Qi—1 =qi—1) =Pr(Qi = ¢ | Qi-1 = ¢i—1)

* Transition probabilities A = [a;] on pairs of states
* Rowssumto1l

Andrey Markov (source: Wikipedia)

Fair Bet Casino Where is the professor? 0.5 0.3
0.4
Q ={F,B} 0.9 0.9 () = {Providence, Boston, Beijing} C\ />
0.1 PVD L BOS
(0.9 0.1) 05 04 01
0109 — A=1{065 03 0.05 0\ 0N o
' 0.7 0.1 0.2 0.05

Bbé.z



Hidden Markov Model M = (Q, A, 3, E) _

e Set of hidden states Q
* Markov property

* Transition probabilities A = [a;] on pairs of states

* Set of emitted symbols 2
* Emission probabilities E = [e; ] on state-symbol pairs

Andrey Markov

Two decisions: Fair Bet Casino
_ 0.9
1. Whatsymbol should | emit? “ {F;B} 5
[emission probabilities E] A (0.9 0.1) F B(>
2. What state should | move to next? 01 09)°
[transition probabilities A] ¥ ={H,T}
H T

(05 05)F
E_(0.75 0.25>B



Three Questions

Question 1:
What is the most probable path Tt* that generated observations x?

Question 2:
What is probability of observations X generated by any path m?

Question 3:
What is the probability of observation x; generated by state s?




Three Questions

Question 1:
What is the most probable path Tt* that generated observations x?

Question 2:
What is probability of observations X generated by any path m?

Question 3:
What is the probability of observation x; generated by state s?
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Joint Probability



Recurrence



Alignment vs. Decoding Problem

Q » .

v

Valid directions in the Valid directions in the
alignment problem. decoding problem.
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Viterbi Algorithm

* Finds path 7™ with

A
aNiiay \

A AN AV N AV
e e e
AVAVAVAY

* Dynamic Programmingalgorithm

* Runsin O(#edges) = O(n\Q|2)

aTAN



Viterbi Algorithm — Numerical Issues

Value of products can become extremely small, leading to underflow

ol i] = 4 0 Eanr fi=1
’ sz, Maxief{v|t,? — lay s}, if ¢ > 1.




Viterbi Algorithm — Numerical Issues

Value of products can become extremely small, leading to underflow

ol i] = 4 0 Eanr fi=1
’ sz, Maxief{v|t,? — lay s}, if ¢ > 1.

Use logarithms!

log(u[s. 1] log(ap s) + log(es. o, ), if i =1,
vls,i]) = , o
5 log(es. ;) + maxieq{log(v(t,i — 1]) +log(a; )}, ifi> 1.




Fair Bet Casino: Example

QDD

-_mmmmmm
F
5

Q= {F,B}
F B
A - 0.9 0.1)F cp -
~\0.1 09)8 aQ,s * €s,z1 if 1 =1,
> ={H,T)} s, Maxicgiv[t,t — lay s}, if ¢ > 1.

H T

B 0.5 0.5
—\0.75 0.25) 8 0.5 0.5 0.75 0.25
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10X Genomics: Synthetic Long Reads

Genome indexing by partitioning and molecular barcoding

Genome

partitioning

barcoding short reads of
each partition

[

|
~50 kb, coverage ~0.1X

@ 50-75 molecules
per droplet \

—

¢
v
-
»
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Rj={ri| v i, ricontains barcode j}: Paired-reads possessing barcode j
e

v

genome
Sort linked-reads and calculate distances between them

D;=[di| v i, di: distance between riand ri:1, ri < ri«1]

Define distances d; as intra- or inter- long molecules
2; =[d4, d2, ds, ... dsoo, dso1, dso2, ... d1oo1, d1ooz, dioos, -..]
Qi-f1, 1, I,..., 1, O ..., I, O, I..1

|: intra long molecule, O: inter long molecules

21



HMM
0.023 2.62e-144

0.977 °.°
1.0

5. =[d1, d2, ds, ... dsoo, dso1, ds02, ... d1001, d1002, d1003, ...]
sz[l, , I, ..., I, O, |, ..., , 0, l, ... ]
fj1 {’jg ij
|: intra long molecule, O: inter long molecules
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Copy Number Variation

Deletion Duplication

E

\ )

Copy Numyber Variants

 Differentindividuals may have differentnumber of copies of segments
of genome.

 These variants are associated with various diseases: autism,
schizophrenia, cancer
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Measuring Copy Number Variants

Comparative Genomic Hybridization (CGH)

$ | ’ A
: v A

Reference DNA

2
1 — |
2 ﬂ (OOOOOOOO(? gof&nwww
z ' J 000000000 &+
OOOOOOOOO = 1 23 4 5 6 1 sm:mo;a 1 1213141516’171019202122X
CH OC D 000000000,
Chromosome CGH provides Resolution of array CGH depends

“cytogenetic” resolution ~ 10 Mb on spacing and length of clones
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Segmentation and Copy Number Calling

Divide genome into segments of equal copy number

Log,(R/G)

0.5 A

o
1

% 't f% '. "‘“& Genomic position
" '-."~ﬁ: e

4

Genomic position

Deletion Amplification
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Segmentation and Copy Number Calling

Divide genome into segments of equal copy number

Copy number profile

| —e—
v o
2 0 0
£ o :. ® ° ®
> o O ®
~ o
>
o ® Genome
S [ nmnnppgnonEnAEEREREEEDEE coordinate
<~ - o Segmentation
@
® —
®

Input: X.=log, T, /R, clonei=1, .., N
Output: Assignment s(i) €{S4, ..., Sx} where S, represent copy number states
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summary

* Markov property — Current state depends only on previous state
* Hidden Markov Models: states are not given only emitted symbols

* Viterbi algorithm: Find the most likely sequence of states given a set of
observations

Reading:
* Jones and Pevzner: Chapters 11.1-11.3

* Lecture notes



