CS 466

Introduction to Bioinformatics
Lecture 2




Course Announcements

Instructor:
* Mohammed El-Kebir (melkebir)
 Office hours: Mondays, 3:15-4:15pm

TA:
e Anusri Pampari (pampari2)
* Office hours: Thursdays, 11:00-11:59am in SC 4105

Piazza: (please sign up)
e https://piazza.com/class##fall2018/cs466



https://piazza.com/class

Outline

Change problem

Review of running time analysis
Edit distance

Review elementary graph theory
Manhattan Tourist problem

o Uk wh =

Longest/shortest paths in DAGs

Reading:
* Jones and Pevzner. Chapters 2.7-2.9 and 6.1-6.4



The Change Problem

Change Problem: Given amount M € N \ {0} and coins ¢ = (cy, ..., c,;) € N"
suchthatc, =1landc; > c¢;., forallie [n—1] ={1,..,n — 1},
findd = (d4, ..., d,;) € N" such that:

(i) M = X7*, c;d; and (ii) X;= d; is minimum.

e Suppose we have n = 3 coins:

-0 @ O

* What is the minimum number of coins needed to make change for M =9
cents?

* Answer: (dy, ...,d,;) = (1,0,2) thus 1 + 0 + 2 = 3 coins.



The Change Problem — Four Algorithms
GreedyChange(M, ¢4, ..., C,y)
1. whileM >0

2. x € largest coin c; possible such thatc; < M
3. M&M—x



The Change Problem — Four Algorithms

GreedyChange(M, ¢4, ..., C,y)
1. fori< 1lton

2. d; € |M/c;]

3. M&M—dc



The Change Problem — Four Algorithms

GreedyChange(M, ¢4, ..., C,y) ExhaustiveChange(M, c4, ..., C,,)
1. fori €< 1ton 1. for (di,..., dn) € [|[M/c1]] x ... x [[M/cy]]
2. di < LM/CzJ 2. if Z?:l cid; = M

3. M&M—dc 3. return (di,..., d,)



The Change Problem — Four Algorithms

GreedyChange(M, ¢4, ..., C,y) ExhaustiveChange(M, c4, ..., C,,)

1. fori € 1ton 1. for (di,....dy) € [[M/cr]] x ... x [[M/cn]]
2. di < LM/CzJ 2. if Z?:l cid; = M

3. M&M—dc 3. return (di,...,d,)
RecursiveChange(M, ¢4, ..., Cy) DPChange(M, c4, ..., Cp)

minNumCoins[m] € min(1 +
minNumCoins[m — c¢;], minNumCoins[m])

bestNumCoins € numCoins + 1

1. ifM =0 1. form<¢1toM

2 return O 2. minNumCoins[c;] € o
3. bestNumCoins € o 3. fori < 1lton

4, fori < 1ton 4, minNumCoins[c;] € 1
5. ifM >¢; 5. form < 1toM

6 numCoins € RecursiveChange(M — c¢;, ¢y, ..., C) 6. fori<1ton

7 if numCoins + 1 < bestNumCaoins 7. ifm > ¢

8 8.

9

. return bestNumc~Coins
9. return minNumCoins[M]



The Change Problem — Optimal Substructure

Change Problem: Given amount M € N \ {0} and coins ¢ = (¢4, ..., ¢;;) € N"
suchthatc, =1landc; > c¢;., forallie [n—1] ={1,..,n — 1},
findd = (d4, ..., d,;) € N" such that:

(i) M = X7*, c;d; and (ii) X;= d; is minimum.

Optimal substructure:
Optimal solution is obtained from optimal solutions of subproblems

‘minNumCoins(M — ¢1) + 1,

iInNumCoins(M — 1
minNumCoins(M ) = min 4 minNumGCoins( c2) + 1,

. minNumCoins(M — ¢,) + 1.




Four Different Algorithms

Greedy algorithm no yes
[GreedyChange]

Exhaustive enumeration yes no

[ExhaustiveChange]

Recursive algorithm yes no

[RecursiveChange]

Dynamic programming yes yes
[DPChange]

Question: How to assess efficiency?
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Running Time Analysis

* The running time of an algorithm A for problem II is the maximum number

of steps that A will take on any instance of size n = | X|

* Asymptotic running time ignores constant factors using Big O notation

fln)

g(n)

f(n)is 0(g(n)) provided there
exists ¢ > 0 and ny = 0 such that
f(n) <cg)foralln = n,

11



The Change Problem — Running Time Analysis

GreedyChange(M, ¢4, ..., C,y)
1. fori< 1lton

2. d; € |M/c;]

3. M&M—dc

Number of operations:
* Line2:3=0(1)
* Line3:3=0(1)
* Total: 6n = 0(n)

DPChange(M, ¢4, ..., C,)
1. form < 1toM

2. minNumCoins[c;] € o
3. fori ¢ 1ton Number of operations:
4. minNumCoins[c;] € 1 e Lines 1-2: O(M)
5. form < 1to M * Lines 3-4:0(n)
6. fori <1ton e lLines 5-8: O(Mn)
7. if m > ¢ * Total: O(M) + O(n) + O(Mn) =
8. minNumCoins[m] € min(1 + O(Mn)
minNumCoins[m — c¢;], minNumCoins[m])

9. return minNum~Coins[M]



Course Topic #1: Sequence Alignment

Molecular evolution of FOXPZ2, a gene N
i} . “Thus, although the FOXP2 protein is
involved in speech and Ianguage extremely conserved among mammals, it

acquired two amino-acid changes on the
Wolfgang Enard*, Molly Przeworski*, Simon E. Fisher+, Cecilia S. L. Lait, human lineage, at least one of which may have

Victor Wiebe*, Takashi Kitano*, Anthony P. Monacoi & Svante Paabo* , o o
functional consequences. This is an intriguing

* Max Planck Institute for Evolutionary Anthropology, Inselstrasse 22, finding, because FOXP2 is the first gene known
D-04103 Letpzig, Germany o to be involved in the development of speech
T Wellcome Trust Centre for Human Genetics, University of Oxford, dl )
" . and language.
Roosevelt Drive, Oxford OX3 7BN, UK Nature (2002) guag
Human TSYNTSKASP PITHHSIVNG QSSVJARRD SSSHEETGAS HTLYGHGVCK WPGCESICED FGQFLKHLNN EHALDDRSTA QCRVOMOVVQ QLEIQLSKER
Chimp B O 1
Gorilla .. qT e tiveennnne seeafNutee titiiiiiee teeeenneee saseesssss sassssssss sassessssss sassssssse sasssnnnns
Orang T 10
Rhesus .. T]c.cein tiiniiienne ceeadNut it ittt iiis it i ttanne sassssssas sassssssss sssssssnss ssssssssss sassssanoss
Mouse e dTe e e e s N s i i e Lt i e se s s ecses sesesssess seessessse seseessess saeesseses

Figure 1 Alignment of the amino-acid sequences inferred from the FOXP2 cDNA sequences. The polyglutamine stretches and the forkhead domain are shaded. Sites that differ from the
human sequence are boxed.

Question: How do we align sequences to identify similarities/differences?
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Alignment

An alignment between two strings v (of m characters) and w (of n characters)
is a two row matrix where the first row contains the characters of v in order,

the second row contains the characters of w in order, and spaces may be
interspersed throughout each.

Input Output
V: KITTEN (m =6) v: K — 1 T T E N —
w: SITTING (n=7) wW: S 1 — T T 1 N G

Question: Is this a good alighment?
Answer: Count the number of insertion, deletions, substitutions.




Alignment

An alignment between two strings v (of m characters) and w (of n characters)
is a two row matrix where the first row contains the characters of v in order,

the second row contains the characters of w in order, and spaces may be
interspersed throughout each.

Input Output
V: KITTEN (m =6) v:| K — 1 T T E N —
w: SITTING (n=7) W:| S 1 — T T 1 N G

Question: Is this a good alighment?
Answer: Count the number of insertion, deletions, substitutions.




Edit Distance [Levenshtein, 1966]

Elementary operations: insertion, deletions and
substitutions of single characters

Edit Distance problem: Given strings v € X™ and w € X", compute the
minimum number d (v, w) of elementary operations to transform v into w.

d(cat,car) =1 d(cat,ate) =2 d(cat,are) = 3



Computing Edit Distance

Edit Distance problem: Given strings v € X™ and w € X", compute the
minimum number d (v, w) of elementary operations to transform v into w.

v: ATGTTAT. .. deletion insertion
w: AGCGTAC. ..
i —1
prefix of v of length i V;. A T — G T T

prefix of w of length j W A e C (5 T —

mismatch

match

Optimal substructure:

Edit distance obtained from edit distance of prefix of string.




Computing Edit Distance — Optimal Substructure

dli, j] is the edit distance of v; and w;,
where v; is prefix of v of length i and w; is prefix of w of length j

Deletion: d[i,j] =d[i—1,j] + 1 w | Vi
Extend by a characterinv -

Insertion: d[i,j] =d[i,j — 1] + 1 v | =

Extend by a characterinw v | W
Mismatch: d[i,j] =d[i—1,j—1]+1 | « | V;
Extend by a characterinvand w v | Wi
Match: d[i,j] =d|i —1,j — 1] | Vi

Extend by a characterinvand w v | W




Computing Ed

It Distance — Recurrence

where v; is prefix of v of length i and w; is prefix of w of length j

d

i,j] is the edit distance of v; and w;,

d|i, 7] = min

QU Q& &

1,5+ 1
i, —1]+1
i—1,5—1
i—1,5—1

+ 1,

if U; # wy,

if U; — Wj.




Computing Edit Distance — Recurrence

dli, j] is the edit distance of v; and w;,
where v; is prefix of v of length i and w; is prefix of w of length j

: if2=0and j5 =0,
i—1,5]+1, if § > 0,
d|i, j] = min i, — 1]+ 1, if 7 >0,

i —1,5—1]+1, if¢>0,j5>0and v; # w;,
1 — 1,7 — 1], if i >0, 5 >0 and v; = wj.

SN~V Vi




Computing Edit Distance — Dynamic Programming

0, ifi=0andj=0,
— deletion ] insertion - mismatch “natch |- balEL ifs >0,
— . j .. W] . W] d[l,]] — min < d[l,] . 1] _|_ 1’ lf] > O,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
dli — 1,5 — 1], if i >0, j > 0 and v; = w;j.
W A T C G ‘
vV 0 1 2 3 4
0
A 1
2
G 3
T 4




Computing Edit Distance — Dynamic Programming

0, ifi=0andj=0,
— deletion ] insertion - mismatch “natch |- balEL ifs >0,
- il B ~ | Wi B dli,j] = min < d[i, 7 — 1] + 1, if 7 >0,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
dli — 1,5 — 1], if i >0, j > 0 and v; = w;j.
W A T C G ‘
Vv 0 1 2 3 4
0 0)
A 1
2
G 3
T 4




Computing Edit Distance — Dynamic Programming

0, if i =0and j =0,
- deletion F——insertion “! mismatch -~ match di— 1,51+ 1, if ¢ >0,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
dli — 1,5 — 1], if i >0, j > 0 and v; = w;j.
W A T C G ‘
vV 0 1 2 3 4
0 0 1 2 3 4
A 1 1
2 2
G 3 3
T 4 4




Computing Edit Distance — Dynamic Programming

0, if i =0and j =0,
- deletion F——insertion “! mismatch -~ match di— 1,51+ 1, if ¢ >0,
- Y A B d[i,j] = min < d[i, 7 — 1] + 1, if 7 >0,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
dli — 1,5 — 1], if i >0, j > 0 and v; = w;j.
W A T C G “
vV 0 1 2 3 4
0 0 1 2 3 4
A 1 1 ?
2 2
G 3 3
T 4 4




Computing Edit Distance — Dynamic Programming

0, if i =0and j =0,
- deletion F——insertion “! mismatch -~ match di— 1,51+ 1, if ¢ >0,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
dli — 1,5 — 1], if i >0, j > 0 and v; = w;j.
W A T C G ‘
vV 0 1 2 3 4
0 0 1 2 3 4
A 1 1 0
2 2
G 3 3
T 4 4




Computing Edit Distance — Dynamic Programming

0, ifi=0and j =0,
- deletion F—+—insertion " mismatch - match di—1,51+1, if ¢ >0,
- w | W wj Wi d[laj] = min { d[laj - 1] + 1, if J >0,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
\d[i—l,j—l], if i >0, 7 >0and v; = w,.
W A T C G !
vV 0 1 2 3 4
0 0 1 2 3 4
A 1 1 0
—N\
N
2 2 ?
G 3 3
T 4 4




Computing Edit Distance — Dynamic Programming

0, if i =0and j =0,
- deletion = v; insertion - mismatch ~— match o . dii = 1,1+ 1, ifs >0,
il B lll B - | W dli,j] = min < d[i, 7 — 1] + 1, if 7 >0,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
dli — 1,5 — 1], if i >0, 7 >0and v; = w,.
W A T C G ‘ ’
Vv 0 1 2 3 4
0 0 1 2 3 4
A 1 1 0
2 2 1
G 3 | 3
T 4 4




Computing Edit Distance — Dynamic Programming

0, ifi=0and j=0,
— deletion ] insertion - mismatch “natch |- balEL ifs >0,
- il B ~ | Wi B dli,j] = min < dfi, 5 — 1] + 1, if 7 >0,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
dli — 1,7 —1], if i >0, j > 0 and v; = w;j.
W A T C G ‘
Vv 0 1 2 3 4
0 0 1 2 3 4 [ — 1,] —1 [ — 1,]
ALt 1 11 | A
/ V4 J
4 L4 7
U U4 II
2 2 / / /
U 4 U4
y A Vi y
G II II II
3 3 II II II
/ / /
T A 4 v v v/ v




Computing Edit Distance — Dynamic Programming

- deletion v;j insertion ‘xj mismatch :Z,- match
W A T C G

vV 0 1 2 3 4
0 0 1 2 3 4

A 1 | 1 | T =g
, , P —==

G 3 3 ce - =

T 4 4 PR S [ g

d|i, j] = min <

-

ifi=0and j =0,
dli —1,7] +1, if i > 0,

di —1,7—1]+1, ifi>0,j>0and v; # wj,

[

dfi,j — 1]+ 1, if 5 > 0,
[
[

dli — 1,7 —1], if i >0, 7 >0 and v; = w;.

\

i—1,j—1 i—1,j

29



Computing Edit Distance — Dynamic Programming

0, ifi=0and j=0,
— deletion ] insertion - mismatch “natch |- balEL ifs >0,
_ . | W -~ | W dli,j] = min < dfi, 5 — 1] + 1, it 7 > 0,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
dt—1,7 —1], if i >0,5>0and v; = w,.
w A Ll | j
Vv 0 1
0 | o | 1 i—1,j—1  i—1,j
A 1 1 -
2 2 ;/
G 3 3 Ad
T 4 4 /

30



Computing Edit Distance — Dynamic Programming

0, ifi=0and j =0,
~ deletion ——+—insertion - mismatch -~ match - . dii = 1,1+ 1, if ¢ >0,
_ w | W - | Wj = | W d[laj] = min < d[laj - 1] + 17 if ] > 07
di —1,7—1]+1, ifi>0,j>0and v; # wj,
\d[i—l,j—l], if i >0, 7 >0and v; = w,.
W A T C G !
vV 0 1 2 3 4
0 0 1 2 3 4
A 1 1 0 1 2 3
2 2 1 0 1 2
G 3 3 2 1 1 1
T 4 4 3 2 2 2




Computing Edit Distance — Dynamic Programming

0, ifi=0and j =0,
~ deletion ——+—insertion - mismatch -~ match - . dii = 1,1+ 1, if ¢ >0,
_ w | W - | Wj = | W d[laj] = min < d[laj - 1] + 17 if ] > 07
di —1,7—1]+1, ifi>0,j>0and v; # wj,
\d[i—l,j—l], if i >0, 7 >0and v; = w,.
W A T C G !
vV 0 1 2 3 4
0 0 1 2 3 4
A 1 1 0 1 2 3
2 2 1 0 1 2
G 3 3 2 1 1 1
T 4 4 3 2 2 2




Computing Edit Distance — Dynamic Programming

0, ifi=0and j =0,
~ deletion ——+—insertion - mismatch -~ match - . dii = 1,1+ 1, if ¢ >0,
_ w | W - | Wj = | W d[laj] = min < d[laj - 1] + 17 if ] > 07
di —1,7—1]+1, ifi>0,j>0and v; # wj,
\d[i—l,j—l], if i >0, 7 >0and v; = w,.
W A T C G !
vV 0 1 2 3 4
0 0 1 2 3 4 A _ G T
A 1 1 0 1 2 3 A C G —
2 2 1 0 1 2
G 3 3 2 1 1 1 L €=
A C
T 4 4 3 2 2 2




Computing Edit Distance — Running Time

0, ifi=0and j=0,
“ deletion F—+— insertion - mismatch ~— match o _ d[li_.l’jHl’ ?f i.>0’
Y A Y dli,j] = min < d[i, 7 — 1] + 1, if 7 >0,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
\d[i—l,j—l], if i >0, 7 >0and v; = w,.
w A T C G ’
vV 0 1 2 3 4
0 0 1 2 3 4
A 1 1 0 1 2 3
Foreach(m + 1)X (n + 1) entry:
2 2 1 0 1 2 * 3 addition operations
G 3 3 2 1 1 1 * 1 comparison operation
* 1 minimum operation
T 4 4 3 2 2 2 Running time: O (mn) time




Computing Edit Distance — Running Time

0, ifi=0and j=0,
“ deletion F—+— insertion - mismatch ~— match o _ d[li_.l’jHl’ ?f i.>0’
Y A Y dli,j] = min < d[i, 7 — 1] + 1, if 7 >0,
di —1,7—1]+1, ifi>0,j>0and v; # wj,
\d[i—l,j—l], if i >0, 7 >0and v; = w,.
w A T C G ’
vV 0 1 2 3 4
0 0 1 2 3 4
A 1 1 0 1 2 3
Foreach(m + 1)X (n + 1) entry:
2 2 1 0 1 2 * 3 addition operations
G 3 3 2 1 1 1 * 1 comparison operation
* 1 minimum operation
T 4 4 3 2 2 2 Running time: O (mn) time




Change Problem and Edit distance

W A T C G
. . v 0 1 2 3 4
Make M cents using minimum

number of 1, 3 and 5 cent coins. 0 0 1 2 3 4
A 1 1 0 1 2 3

1 2 3 4 5 6 7
1 2 1 2 1 2 3 T 2 2 1 0 1 2

) G

3 3 2 1 1 1
T 4 4 3 2 2 2

* Both have optimal substructure and can be solved using dynamic programming
 These are examples of a more general problem!




Review of Graph Theory

* Graph G = (V,E)
* Vertices V = {vq, ..., v, }
* Edges E = {(v;, v}), ... }

Chicago

Bloomington

Champaign-Urbana

Indianapolis

St. Louis
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Review of Graph Theory

* Directed Graph ¢ = (V,E)
* Vertices V = {vq, ..., v, }
* Directed edges E' = {(v;, v}), ... }

Chicago

Bloomington

Champaign-Urbana

Indianapolis

St. Louis
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Review of Graph Theory

* Directed Graph ¢ = (V,E)
* Vertices V = {vq, ..., v, }
* Directed edges E' = {(v;, v}), ... }

* Path is a sequence of vertices and edges
that connect them

Chicago

Bloomington

Champaign-Urbana

Indianapolis

St. Louis

39



Review of Graph Theory

* Directed Graph ¢ = (V,E)
* Vertices V = {vq, ..., v, }
* Directed edges E' = {(v;, v}), ... }

* Path is a sequence of vertices and edges
that connect them

Chicago

130
* Edges can be weighted

Bloomington

Champaign-Urbana

180
Indianapolis

St. Louis
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Manhattan Tourist Problem

A tourist in Manhattan
wants to visit the
maximum number of
attractions (*) by
traveling on a path (only
eastward and southward)
from start to end




Manhattan Tourist Problem

A tourist in Manhattan
wants to visit the
maximum number of
attractions (*) by
traveling on a path (only
eastward and southward)
from start to end

May be more than 1

attraction on a street.
Add weights!

O
2
1 1
,,1 1 !
5
131+ 3 0




Manhattan Tourist Problem

begin

Manhattan Tourist
Problem (MTP):
Given a weighted,
directed grid graph G 4 6 5 2

with two vertices “begin” | = |l o | 7 | 3 {
and “end”, find the

maximum weight path in 4 4 . 2
G from “begin” to “end”. b3} 3 4 o0

O/

\ 4
)

v
)

__________




Manhattan Tourist Problem — Exhaustive Algorithm

begin
3
 Check all paths
1
* How many paths? 4 6 5 2
[whiteboard] | =& | S A {; 4 /@
' ' J \
4 4 5 - 1
‘ 3 3 0 2
_________ } ,Z(D
5 6 8 5 3
__________ 1 3 2 2 :f23 end




Manhattan Tourist Problem — Greedy Algorithm

begin

promising start,
but leads to bad
choices!

1

2

o>

better path!

~

46



Manhattan Tourist Problem — Optimal Substructure

1

2

begin @

o>

10

best score to this point

end

best score to this
point

best score to end

47



Manhattan Tourist Problem — Optimal Substructure

s|i,j] is the best score for path to coordinate (i, j)

begin @ — - -
5 3 10 5
2 1 5
best score to
Question: What is the recurrence? 3 5 3 1 ‘/this point
2 3 4
A 0 :l - . =’ end best score to
best score to this point— @ @ end

« w[(—1,)), (i, j)] weight of street between (i — 1, ) and (i, )
 wl[(i,j—1),(,j)] weight of street between (i,j — 1) and (i, )

48




Manhattan Tourist Problem — Optimal Substructure

s|i,j] is the best score for path to coordinate (i, j)

begin @ — - -
5 3 10 5
2 1 5
o ' best score to
0, if i =0and 5 =0, 3 5 3 1 this point
si, §] = max{ sli — 1, 5] + w[(i —1,5), (i, 5)] ifi> 0, ) . \ /
0 Ol 5 ;
v 0 0 () )
> s © end best score to
best score to this point ’ @ @ end

wl[(i —1,)), (i,j)] weight of street between (i — 1,j) and (i, )
wl(i,j — 1), (i,j)] weight of street between (i,j — 1) and (i, )

49




MTP — Solving Recurrence using Dynamic Programming

s[i, j] is the best score for path to coordinate (i, j)

source i
| 0, ifi=0and j =0,
! sli, 7] = max { s[i — 1, ] +w[(i — 1,5), (i,)] ifi>0,

------- sli,j = 1] +w[(i,j —1),(i,5)] ifj>0.

 w[(i—1,)),(ij)] weight of street between

(i—1,j)and (i,j)
 w[(i,j—1),(ij)] weight of street between

(l'] _ 1) and (l!])




MTP — Solving Recurrence using Dynamic Programming

s[i, j] is the best score for path to coordinate (i, j)

source i !
| i 0, if i =0and j =0,
: 1 | sli, j] = max < s[i — 1, j] + w[(i — 1,5), (4,5)] ifi >0,

------- sli,j = 1] +w[(i,j —1),(i,5)] ifj>0.

 w[(i—1,)),(ij)] weight of street between

(i—1,j)and (i,j)
5  w[(i,j—1),(ij)] weight of street between

(l'] _ 1) and (l!])




MTP — Solving Recurrence using Dynamic Programming

s[i, j] is the best score for path to coordinate (i, j)

source ! !
| i i 0, if i =0 and j =0,
: 1 | 2 I sli,j] = max < s[i — 1, 5] + w[(i — 1, 74), (¢,7)] ifi >0,

------- sli,j = 1] +w[(i,j —1),(i,5)] ifj>0.

> ’  w[(i—1,)),(ij)] weight of street between
_______ 2 (i—1,j)and (i,j)
5 7 * w[(i,j — 1), (i,j)] weight of street between
(l'] _ 1) and (l!])
3




MTP — Solving Recurrence using Dynamic Programming

s[i, j] is the best score for path to coordinate (i, j)

sourge | | i i
: : : : 0, ifi=0and j=0,
: 1 | 2 I 5 X sli,j] = max < s[i — 1, 5] + w[(i — 1, 74), (¢,7)] ifi >0,

"""" 0 1 3 3 slivj — 1) +wl(i,j—1), (i, )] if j > 0,
5 3 10
 w[(i—1,)),(ij)] weight of street between
_______ 2 1 (i—1,j)and (i,))
5 17 13 « wl[(i,j — 1), (i,))] weight of street between
(i,j — 1) and (i,))
3 5
_______ 2 Vv
8 12
0




MTP — Solving Recurrence using Dynamic Programming

s[i, j] is the best score for path to coordinate (i, j)

wn
@)
C
-3
/8
=
N
O3]

0, ifi=0and j=0,
sli, j] = max { s[i — 1, ] +w[(i — 1,7), (i,7)] ifi >0,

"""" 0 T1 T3 IF si,g — 1 +wl(i,j — 1), (i,5)] ifj > 0.
5 3 10 5
 w[(i—1,)),(ij)] weight of street between
_______ 2 1 5 (i—1,j)and(i,))
5 17 113 18 « wl[(i,j — 1), (i,))] weight of street between
(i,j — 1) and (i,))
3 5 3
_______ 2 4 3
8 12 16
0 0
_______ O \




MTP — Solving Recurrence using Dynamic Programming

s[i, j] is the best score for path to coordinate (i, j)

wn
@)
C
-3
/8
=
N
O3]

0, ifi=0and j=0,
si,j] = max { s[i — 1, ] +w[(i — 1,5), (5, 7)] ifi >0,

0 1 3 8
5 3 10 5
 w[(i—1,)),(ij)] weight of street between
_______ 2 1 5 (i—1,j)and (i,))
5 17 113 118 « wl[(i,j — 1), (i,))] weight of street between
(i,j — 1) and (i,))
3 5 3 1
_______ 2 1 3 1 4 X
8 12 16 20
0 0 5
_______ O A\ O A\




MTP — Solving Recurrence using Dynamic Programming

10

118

12

12

21

120

22

s[i, j] is the best score for path to coordinate (i, j)

0, ifi=0and j=0,
si,j] = max { s[i — 1, ] +w[(i — 1,5), (5, 7)] ifi >0,

 w[(i—1,)),(ij)] weight of street between

(i—1,j)and (i,j)
 w[(i,j—1),(ij)] weight of street between

(l'] _ 1) and (l»])




MTP — Solving Recurrence using Dynamic Programming

s[i, j] is the best score for path to coordinate (i, j)

wn
o
C
-3
///Q
=
N
O3]

0, ifi=0and j=0,
sli, j] = max { s[i — 1, ] +w[(i — 1,7), (i,7)] ifi >0,

0 1 3 8 sli,j — 1] +w[(é,j —1),(4,4)] ifj>0.
5 3 10 5
 w[(i—1,)),(ij)] weight of street between
_______ 2 R 2 1 A 4 5 ¥ (l — 1,]) and (l,])
5 ' 7 ' 13 ' 18  w[(i,j —1),(i,j)] weight of street between
(i,j — 1) and (i,))
3 5 3 1
2 3 1 4 Let m be the number of rows and n be
_______ 8 112 116 "l 20 the number of columns.
0 0 : , Running time: O(mn)
_______ 0 3 0 3 o X Question: Implementation?




Manhattan Is Not a Perfect Grid

What about diagonals?

s|B] = max ¢ s[As

:A17B:
A27B
A37B




Manhattan Is Not a Perfect Grid, It's a Directed Graph

G = (V,E) is adirected

Each edge is evaluated
once: O(|E|) time

acyclic graph (DAG)
with nonnegative edges

weightsw : E - R*

s[0,0] =0

sli,j] = max  {s[i',j'] +w[(i',j), (i, 5)]}
(¢/,5") € pred(i,7)




Dynamic Programming as a Graph Problem

Manhattan Tourist Problem:

Every path in directed graph is a possible * |+ | *
tourist path. Find maximum weight path. %

Running time: O(mn) = O(|E|)

Change Problem: Make M cents using
minimum number of coins ¢ = (1, 3, 5).
Every path in directed graph is a possible
change. Find shortest path.

Running time: O(Mn) = O(|E|)




What About the Edit Distance Problem?

W A T C
\' 1 2 3
0
A 1
2
G 3
T 4
v; | deletion - | insertion v; | mismatch
| — BN

match

Edit Distance problem: Given
strings v € 2™ and w € X",
compute the minimum number
d(v,w) of elementary operations
to transform vinto w.




What About the Edit Distance Problem?

W A T C G Edit Distance problem: Given
- m n
Y, ) ) > : : strings VEZ”andWEZ,
compute the minimum number
O 0o TOoO OO d(v, w) of elementary operations
A 1 O,y e to transform v into w.
PNTN NN
2 O —>0—0—0 =0
G NV ¥ } } Edit graph is a weighed, directed grid
3 OT L oOT9T 0 graph G = (V, E) with source vertex
T 4 Obbro ol Nl (0, Q) .and target vertex (m, n). Each.
edge (i,j) has weight [i, ]| corresponding

v; | deletion - | insertion v; | mismatch [vi| match to edit cost: deletion (1)1 insertion (1)r
- upo= Y N\ Wl N\ mismatch (1) and match (0).




What About the Edit Distance Problem?

W A T C G
\4 0 1 2 3 4
0 O— 00— 0—0—0
. PR NN
; ? u i) ~ ? C ? N i) Alignment is a path from (0,0) to (m, n)
2 O 00— 0=—>0—>0
¥ N ¥ ¥ } } Edit graph is a weighed, directed grid
G 3 OT L oOT9T 0 graph G = (V, E) with source vertex
T i | 04ro oo T (0, 0) and target vertex (m, n). Each
edge (i,j) has weight [i, ]| corresponding
v; | deletion - | insertion v; | mismatch [vi| match to edit cost: deletion (1)r insertion (1),
- ! Wi  — wj \ wil N\ mismatch (1) and match (0).




W A T C G

0 1 2 3 4

0 O=r>0=>0 =0 -0
| | | |

v v v v i

1 O—"O—"(I)—"O—-PO

N VNV

2 O =0 =—>0-—>0-—>0

N | | I l

vV [V v v v

3 (I)—"O—"O—-»O—-PO
|

¥ 2w 2 e

4 O=—rT>0=-—/>0=-—1>0->0

. | deletion - | insertion v; | mismatch v; | match
‘ — b N\ v N\

What About the Edit Distance Problem?

Edit Distance problem: Given edit
graph ¢ = (V, E), with edge
weights c : E — {0,1}. Find

shortest path from (0, 0) to (m, n).

Alignment is a path from (0,0) to (m, n)

Edit graph is a weighed, directed grid
graph G = (V, E') with source vertex
(0,0) and target vertex (m,n). Each
edge (i,)) has weight [i, j] corresponding
to edit cost: deletion (1), insertion (1),
mismatch (1) and match (0).




Shortest Path vs Longest Path

* Change graph, edit graph and the MTP grid are directed graphs G.

* Change problem and Edit Distance problem are minimization problems.

* Find shortest path in G from source to sink.

* Manhattan Tourist problem is a maximization problem.
* Find longest path in G from source to sink.



Shortest Path vs Longest Path

 Shortest path in directed graphs can be found efficiently (Dijkstra, Bellman-
Ford, Floyd-Warshall algorithms)

e Longest path in direct graphs cannot be found efficiently (NP-hard).

* Change graph, edit graph and MTP grid graph are directed acylic graphs

(DAGS). Q

* No directed cycles.

* Longest path problem in a DAG can O
solved efficiently by dynamic programming directed cycle Q

Question: What’s the relation between absence of directed cycles and optimal substructure?




Weighted Edit Distance

dli, j] is the edit distance of v; and w;,
where v; is prefix of v of length i and w; is prefix of w of length j

deletion

insertion

)
)

o
dli,j] =min{ "7 T

mismatch |

d 1
d

:i—:_,j—:_:, ifvi:wj.

Replace +1 with different penalties for different types of edits.




Aligning Three Sequences

* Same strategy as pairwise edit distance
e Use 3-D “Manhattan Cube”, with each axis representing an input sequence

* Alignment is a path from source to sink cource

V

2-D Edit Graph NANNNNNNN| |

3-D Edit Graph Sink

68



2-D vs 3-D Vertex Neighborhood

(i_ 1'j_ 1)

(i'j — 1)

_

2-D Neighborhood
(3 edges)

(i - 11])

(L))

(i-1,j-1k—-1) (i-1jk—1)

3-D Neighborhood
(7 edges)

(L), k)



3-D Sequence Alignment

0(x,y,z) is an entry in 3-D scoring matrix

Given three sequences each of length n,
running time: 0(n?)

’

sli, j, k] = max <

CJDCJDCJDCJDODODOD

i — 1,5 — 1,k — 1] + 6(vs, wy, ug),

i —1,7— 1,k + 6(vi,wy, —),
i — 1,7,k ]—|—5(vz,— Uk ) s
0,7 — 1,k —1] +
2—1 j,k]—|—5(vi,—, —),
i, — 1, k] +0(— Wy, —),
).

_%jak__l]%_éc_'_auk

(i-1,j—1k—1) (i—1j,k—-1)
(i—1,j—-1,k)
\
Gj-LE-1) (i.jk—1)
(G,j—Lk)
no indels
one indel
two indels

(i—1,j,k)

(L.J, k)



k-D Sequence Alignment

O0(xq1, ...,

Xy ) is an entry in k-D scoring matrix

Given k sequences each of length n,
running time: 0(2%n%)

sli, j, k] = max <

’

CJDCJDCJDCJDODODOD

i — 1,5 — 1,k — 1] + 6(vs, wy, ug),

i —1,7— 1,k + 6(vi,wy, —),
i — 1,7,k ]—|—5(vz,— Uk ) s
0,7 — 1,k —1] +
2—1 ]»k]‘|‘5(%—7 -),
6, — Lkl +0(—, wj, —),
);

_%jak__l]%_éc_'_auk

(i—1,j—-1k)
\
Gj-LE-1) (i.jk—1)
(G,j—Lk)
no indels
one indel
two indels

(i—1,j,k)

(L.J, k)



summary

Change problem
Review of running time analysis
Edit distance

Review elementary graph theory
Manhattan Tourist problem

o Uk wh =

Longest/shortest paths in DAGs

Reading:
* Jones and Pevzner. Chapters 2.7-2.9 and 6.1-6.4



Sources

* CS 362 by Layla Oesper (Carleton College)

* CS 1810 by Ben Raphael (Brown/Princeton University)

* An Introduction to Bioinformatics Algorithms book (Jones and Pevzner)
* http://bioalgorithms.info/



