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Tumorigenesis: Cell Mutation
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Clonal Evolution Theory of Cancer 
[Nowell, 1976]
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Tumorigenesis: Cell Mutation
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Clonal Evolution Theory of Cancer 
[Nowell, 1976]
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Tumorigenesis: Cell Mutation
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Clonal Evolution Theory of Cancer 
[Nowell, 1976]

New clones



Tumorigenesis: Cell Mutation & Division
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Intra-Tumor 
Heterogeneity

Clonal Evolution Theory of Cancer 
[Nowell, 1976]
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Tumorigenesis: Cell Mutation & Division

Question:  Why are tumor phylogenies important?

Clonal Evolution Theory of Cancer 
[Nowell, 1976]
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Identify targets for treatment Understand metastatic development Recognize common patterns of 
tumor evolution across patients

Phylogenies are Key to Understanding Cancer
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Identify targets for treatment Understand metastatic development Recognize common patterns of 
tumor evolution across patients

Phylogenies are Key to Understanding Cancer

These downstream analyses critically rely on accurate tumor 
phylogeny inference



Key challenge in phylogenetics:
Accurate phylogeny inference from data at present time
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Identify targets for treatment Understand metastatic development Recognize common patterns of 
tumor evolution across patients

Phylogenies are Key to Understanding Cancer

These downstream analyses critically rely on accurate tumor 
phylogeny inference
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Additional Challenge in Cancer Phylogenetics

tumor

normal

normal

tumor

human reference genome (3*10^9 bp)
aligned read (100 bp)



11

Additional Challenge in Cancer Phylogenetics
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Additional challenge in cancer phylogenetics:
Phylogeny inference from mixed bulk samples at present time
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Outline
1. Background and theory: [RECOMB-CG 2018, AMB 2019]
• Perfect Phylogeny Mixture (PPM) problem
• #PPM: exact counting and uniform sampling

2. Simulation results: [RECOMB-CG 2018, AMOB 2019]
• What contributes to non-uniqueness?
• How to reduce non-uniqueness?

3. Summarizing solution space:
• Multiple consensus tree problem [ISMB/ECCB 2019]

4. Phylogenetic Integration: [WABI 2021, AMB 2022]

5. Applications
• Mutational signature dynamics [PSB 2020]
• Designing follow-up single-cell sequencing experiments [PLOS CB 2020]
• Visualizing spatial composition of a tumor [ISMB 2020]
• Identifying repeated evolutionary trajectories [ECCB 2020]
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Sequencing and Tumor Phylogeny Inference
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Tumor Phylogeny Inference: Given frequencies F, 
find phylogeny T and proportions U
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Perfect Phylogeny Mixture: [El-Kebir*, Oesper* et al., 2015]
Given F, find U and B such that F = U B
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Perfect Phylogeny Mixture: [El-Kebir*, Oesper* et al., 2015]
Given F, find U and B such that F = U B
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Given F and T (or B), is there a usage matrix U?

PPM: Given F, find U and B such that F = U B
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Given F and B, U is unique: U = F B-1

Restricted PP Matrix B

Given F and T (or B), is there a usage matrix U?

PPM: Given F, find U and B such that F = U B
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PPM: Given F, find U and B such that F = U B
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Ancestry Graph G = (V, A)
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relationship

Combinatorial Characterization of Solutions
PPM: Given F, find U and B such that F = U B



Theorem 2:
PPM is NP-complete even if m = 2
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Non-uniqueness of Solutions to PPM
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Question 1:  Can we determine 
the number of solutions?

Question 2:  Can we sample 
solutions uniformly at random?25



On the Complexity of #PPM
Question 1:  Can we determine 

the number of solutions?
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#PPM:  Given F, count the number of pairs (U, B) composed of 
mixture matrix U and perfect phylogeny matrix B such that F = U B

Question 2:  Can we sample 
solutions uniformly at random?



On the Complexity of #PPM
Question 1:  Can we determine 

the number of solutions?
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#PPM:  Given F, count the number of pairs (U, B) composed of 
mixture matrix U and perfect phylogeny matrix B such that F = U B

Question 2:  Can we sample 
solutions uniformly at random?

#P is the complexity class of 
counting problems whose 
decision problems are in NP

Every problem in #P can be reduced 
in polynomial time to any problem in 
#P-complete, preserving cardinalities



On the Complexity of #PPM
Question 1:  Can we determine 

the number of solutions?
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#PPM:  Given F, count the number of pairs (U, B) composed of 
mixture matrix U and perfect phylogeny matrix B such that F = U B

Question 2:  Can we sample 
solutions uniformly at random?

#P is the complexity class of 
counting problems whose 
decision problems are in NP

Every problem in #P can be reduced 
in polynomial time to any problem in 
#P-complete, preserving cardinalities

Theorem:  #PPM is #P-complete

Theorem:  There is no 
FPRAS for #PPM

Theorem:  There is no 
FPAUS for PPM Yuanyuan Qi
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Outline

Dikshant Pradhan

1. Background and theory: [RECOMB-CG 2018, AMB 2019]
• Perfect Phylogeny Mixture (PPM) problem
• #PPM: exact counting and uniform sampling

2. Simulation results: [RECOMB-CG 2018]
• What contributes to non-uniqueness?
• How to reduce non-uniqueness?

3. Summarizing solution space: [ISMB/ECCB 2019]
• Multiple consensus tree problem

4. Phylogenetic integration: [WABI 2021/AMB 2022]

5. Applications
• Mutational signature dynamics [PSB 2020]
• Designing follow-up single-cell sequencing experiments [PLOS CB 2020]
• Visualizing spatial composition of a tumor [ISMB 2020]
• Identifying repeated evolutionary trajectories [ECCB 2020]
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What Contributes to Non-uniqueness?
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What Contributes to Non-uniqueness?
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How to Reduce Non-Uniqueness?

G

T
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How to Reduce Non-Uniqueness?
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How to Reduce Non-Uniqueness?
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Outline

Yuanyuan QiNuraini Aguse

1. Background and theory: [RECOMB-CG 2018 / AMB 2019]
• Perfect Phylogeny Mixture (PPM) problem
• #PPM: exact counting and uniform sampling

2. Simulation results: [RECOMB-CG 2018]
• What contributes to non-uniqueness?
• How to reduce non-uniqueness?

3. Summarizing solution space: [ISMB/ECCB 2019]
• Multiple consensus tree problem

4. Phylogenetic integration: [WABI 2021 / AMB 2022]

5. Applications
• Mutational signature dynamics [PSB 2020]
• Designing follow-up single-cell sequencing experiments [PLOS CB 2020]
• Visualizing spatial composition of a tumor [ISMB 2020]
• Identifying repeated evolutionary trajectories [ECCB 2020]



Lung Cancer Patient: CRUK0037
Jamal-Hanjani et al. (2017). New England Journal of Medicine, 376(22), 2109–2121.
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Lung Cancer Patient: CRUK0037
Jamal-Hanjani et al. (2017). New England Journal of Medicine, 376(22), 2109–2121.
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Authors inferred 17 trees

Question:  How to summarize solution space in order to remove 
inference errors and identify dependencies among mutations?

...



Parent-child Graph: Union of all Edges
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Parent-child Graph: Union of all Edges
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The parent-child graph does capture patterns of mutual exclusivity



Parent-child Graph: Union of all Edges

50Question:  Can we infer a single consensus tree?
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Single Consensus Tree: Max Weight Spanning Tree
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Oesper and colleagues, 
ACM-BCB 2018.
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Single Consensus Tree: Max Weight Spanning Tree

52Question:  How about inferring multiple consensus trees?

Inaccurate summary for diverse solution spaces

Oesper and colleagues, 
ACM-BCB 2018.



Multiple Consensus Trees

53

Simultaneous clustering and consensus tree inference
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Multiple Consensus Trees (MCT): [ISMB 2019]

Given trees 𝒯 = 𝑇!, … , 𝑇" , find surjective clustering 
σ ∶ 𝑛 → [𝑘] and consensus trees ℛ = 𝑅!, … , 𝑅#

such that ∑$%!" 𝑑(𝑇$ , 𝑅&($)) is minimum



Multiple Consensus Trees
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Simultaneous clustering and consensus tree inference
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Multiple Consensus Trees (MCT): [ISMB 2019]

Given trees 𝒯 = 𝑇!, … , 𝑇" , find surjective clustering 
σ ∶ 𝑛 → [𝑘] and consensus trees ℛ = 𝑅!, … , 𝑅#

such that ∑$%!" 𝑑(𝑇$ , 𝑅&($)) is minimum
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𝑇! 𝑇"

Parent-child Distance Function
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𝑇! 𝑇"

Parent-child distance 𝑑(𝑇!, 𝑇)) is the size of the 
symmetric difference of the edge sets

Here, 𝑑 𝑇!, 𝑇) = |𝐸(𝑇!)\𝐸(𝑇))| + |𝐸(𝑇))\𝐸(𝑇!)| = 4.

𝐸(𝑇!)\𝐸(𝑇") 𝐸(𝑇")\𝐸(𝑇!)
𝐸(𝑇!) ∩ 𝐸(𝑇")

Parent-child Distance Function
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Solution Space 𝒯

Single Consensus Trees (SCT): 
[Govek et al., ACM-BCB 2018]

Given 𝒯 = 𝑇!, … , 𝑇# , find consensus tree 𝑅
s.t. ∑$%!# 𝑑(𝑇$ , 𝑅) is  minimum

Combinatorial Characterization of Solutions
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Solution Space 𝒯

Single Consensus Trees (SCT): 
[Govek et al., ACM-BCB 2018]

Given 𝒯 = 𝑇!, … , 𝑇# , find consensus tree 𝑅
s.t. ∑$%!# 𝑑(𝑇$ , 𝑅) is  minimum

Theorem: [Govek et al., ACM-BCB 2018]
Max weight spanning arborescences

of parent-child graph 𝐺𝒯 are solutions to SCT   

Combinatorial Characterization of Solutions
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Solution Space 𝒯

Multiple Consensus Trees (MCT): 
[Aguse et al., ISMB 2019]

Given 𝒯 = 𝑇!, … , 𝑇# and 𝑘 > 0, find surjective 
clustering σ ∶ 𝑛 → [𝑘] and consensus trees 
ℛ = 𝑅!, … , 𝑅' s.t. ∑$%!# 𝑑(𝑇$ , 𝑅(($)) is 

minimum

Single Consensus Trees (SCT): 
[Govek et al., ACM-BCB 2018]

Given 𝒯 = 𝑇!, … , 𝑇# , find consensus tree 𝑅
s.t. ∑$%!# 𝑑(𝑇$ , 𝑅) is  minimum

Theorem: [Govek et al., ACM-BCB 2018]
Max weight spanning arborescences

of parent-child graph 𝐺𝒯 are solutions to SCT   

Combinatorial Characterization of Solutions
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Solution Space 𝒯
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Multiple Consensus Trees (MCT): 
[Aguse et al., ISMB 2019]

Given 𝒯 = 𝑇!, … , 𝑇# and 𝑘 > 0, find surjective 
clustering σ ∶ 𝑛 → [𝑘] and consensus trees 
ℛ = 𝑅!, … , 𝑅' s.t. ∑$%!# 𝑑(𝑇$ , 𝑅(($)) is 

minimum

Single Consensus Trees (SCT): 
[Govek et al., ACM-BCB 2018]

Given 𝒯 = 𝑇!, … , 𝑇# , find consensus tree 𝑅
s.t. ∑$%!# 𝑑(𝑇$ , 𝑅) is  minimum

Theorem: [Govek et al., ACM-BCB 2018]
Max weight spanning arborescences

of parent-child graph 𝐺𝒯 are solutions to SCT   

Proposition: [Aguse et al., ISMB 2019]
Given fixed clustering σ ∶ 𝑛 → 𝑘 , MCT 

decomposes into 𝑘 independent SCT instances

Combinatorial Characterization of Solutions
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Multiple Consensus Trees (MCT): 
[Aguse et al., ISMB 2019]
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arborescence of 𝐺𝒯'())

Single Consensus Trees (SCT): 
[Govek et al., ACM-BCB 2018]

Given 𝒯 = 𝑇!, … , 𝑇# , find consensus tree 𝑅
s.t. ∑$%!# 𝑑(𝑇$ , 𝑅) is  minimum

Theorem: [Govek et al., ACM-BCB 2018]
Max weight spanning arborescences

of parent-child graph 𝐺𝒯 are solutions to SCT   

Proposition: [Aguse et al., ISMB 2019]
Given fixed clustering σ ∶ 𝑛 → 𝑘 , MCT 

decomposes into 𝑘 independent SCT instances

Solution Space 𝒯

𝒯!

𝒯"

𝒯+

𝑅!

𝐺𝒯"

𝐺𝒯#
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𝐺𝒯%

𝑅&

Question:  How to find σ∗?

Combinatorial Characterization of Solutions
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Multiple Consensus Trees (MCT):
Given 𝒯 = 𝑇9, … , 𝑇: and 𝑘 > 0, find surjective clustering 

σ ∶ 𝑛 → [𝑘] s.t. ∑;<9: 𝑑(𝑇;, 𝑅=(;)) is minimum where 𝑅=(;) is max 
weight spanning arborescence of 𝐺𝒯"($)

Theorem: MCT is NP-hard for general 𝑘 (by reduction from CLIQUE).

Complexity



Fix clustering σ at random

Compute consensus tree 𝑅> for each 
cluster 𝑠

Reassign each input tree 𝑇; to cluster 𝑠
where 𝑑(𝑇;, 𝑅>) is minimum

Done

Same clustering?
noyes

65

Alternating optimization heuristic
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Number of instances solved by MILP 
to provable optimality

Small, medium, and 
large simulated 

instances

Heuristic finds optimal solutions efficiently
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Heuristic finds optimal solutions efficiently

Number of instances where heuristic 
returned MILP’s optimal solution

Small, medium, and 
large simulated 

instances



68

Heuristic finds optimal solutions efficiently

Number of instances where heuristic 
returned MILP’s optimal solution

Small, medium, and 
large simulated 

instances

Question:  How to determine 𝑘?



Bayesian Information Criterion 
determines the number of clusters 
for each solution space
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Jamal-Hanjani et al. (2017). NEJM.

Jamal-Hanjani et al. inferred 8 trees for patient CRUK0013
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Bayesian Information Criterion 
determines the number of clusters 
for each solution space
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Jamal-Hanjani et al. inferred 17 trees for patient CRUK0037
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Multiple Consensus Trees capture patterns of mutual 
exclusivity and co-occurrence
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Multiple Consensus Trees capture patterns of mutual 
exclusivity and co-occurrence
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Multiple Consensus Trees (MCT): [ISMB 2019]

Given trees 𝒯 = 𝑇9, … , 𝑇: , find surjective clustering 
σ ∶ 𝑛 → [𝑘] and consensus trees ℛ = 𝑅9, … , 𝑅?

such that ∑;<9: 𝑑(𝑇;, 𝑅=(;)) is minimum

• Characterize combinatorial structure of optimal solutions
• Show that MCT is NP-hard for general k
• Introduce a heuristic that returns optimal solution in most cases
• Model selection for k

Bulk/single-cell	
sequencing

…AATGGCATAG…

4	edges
3	edges	

2	edges

1	edge

Multiple	Consensus	Trees	(k	=	3)

Single	Consensus	Trees	(k	=	1)

Phylogenetic	Tree Mutation	Tree

(a)

Solution	Space	!

Consensus	tree	ℛ

Parent-child	graph	#!

!$

#!%

!&

!'

ℛ&

Heterogeneous	Tumor

Tumor	
phylogeny	
inference

Summarize	
!

#!( #!)

ℛ$ ℛ'

(b) (c)

(d)
1-1
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Outline

Palash Sashittal

1. Background and theory: [RECOMB-CG 2018]
• Perfect Phylogeny Mixture (PPM) problem
• #PPM: exact counting and uniform sampling

2. Simulation results: [RECOMB-CG 2018]
• What contributes to non-uniqueness?
• How to reduce non-uniqueness?

3. Summarizing solution space: [ISMB/ECCB 2019]
• Multiple consensus tree problem

4. Phylogenetic integration: [WABI 2021 / AMB 2022]

5. Applications
• Mutational signature dynamics [PSB 2020]
• Designing follow-up single-cell sequencing experiments [PLOS CB 2020]
• Visualizing spatial composition of a tumor [ISMB 2020]
• Identifying repeated evolutionary trajectories [ECCB 2020]



Somatic Mutations Occur at 
Different Genomic Scales
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Challenges in cancer tumor 
phylogeny estimation

76

Tumor biopsy

HARD

Bulk sequencing technologies

• Requires deconvolution of observed read 
counts

• Majority of methods only focus on either SNVs 
or CNAs, but not both

• Methods that account for both SNVs and CNAs 
do not scale to size of current cancer datasets

Single cell sequencing technologies

• Current technologies allow reliable detection of 
either SNVs or CNAs, but not both

• Targeted MDA, Tapestry suitable for 
identification of SNVs

• DOP-PCR, DLP, ACT, 10X Genomics CNV suitable 
for identification of CNAs

Tumor 
phylogeny

+

…

+

SNVs (1bp)

CNAs (1kb - 1Mb)
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Tumor biopsy

identification

identification

CNA Proportions 𝑈! = 0.375 0.25 0.375
CNA Clones Π! = { , , }
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SNV Proportions 𝑈" = 0.5 0.25 0.25

SNV Clone Tree 𝑇"
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Computational 

methods

Computational 
methods

Clone Tree 𝑇, Clones Π
and Proportions 𝑈
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Parsimonious Clone Tree Reconciliation
(PACTION)

SNVs (1bp)

CNAs (1kb - 1Mb)



Parsimonious Clone Tree Integration

Clones Π/ = { , , }
Proportions 𝑈/ = 0.5 0.25 0.25Proportions 𝑈0 = 0.375 0.25 0.375

Clones Π0 = { , , }
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2.1. Input clone trees

1.2. Input clones and proportions
2.2. Input clone trees

SNV Clone Tree 𝑇/CNA Clone Tree 𝑇0



Clones Π/ = { , , }
Proportions 𝑈/ = 0.5 0.25 0.25Proportions 𝑈0 = 0.375 0.25 0.375

Clones Π0 = { , , }
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Parsimonious Clone Tree Integration



Clones Π/ = { , , }
Proportions 𝑈/ = 0.5 0.25 0.25Proportions 𝑈0 = 0.375 0.25 0.375

Clones Π0 = { , , }
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SNV Clone Tree 𝑇/CNA Clone Tree 𝑇0

Parsimonious Clone Tree Integration



Clones Π/ = { , , }
Proportions 𝑈/ = 0.5 0.25 0.25Proportions 𝑈0 = 0.375 0.25 0.375

Clones Π0 = { , , }
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Clones Π/ = { , , }
Proportions 𝑈/ = 0.5 0.25 0.25Proportions 𝑈0 = 0.375 0.25 0.375

Clones Π0 = { , , }
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Parsimonious Clone Tree Integration

Clones Π/ = { , , }
Proportions 𝑈/ = 0.5 0.25 0.25Proportions 𝑈0 = 0.375 0.25 0.375

Clones Π0 = { , , }
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𝟎. 𝟑𝟕

𝟎. 𝟐𝟓 𝟎. 𝟑𝟖

* In practice we minimize the 𝐿1
norm of difference between input 

and output clone proportions

SNV Clone Tree 𝑇/CNA Clone Tree 𝑇0

𝐽(𝑈,𝑈1, 𝑈2) = 0.07

Total error



PACTION: Mixed-Integer Linear 
Programming

86

The output clone tree 𝑇 is a 
subgraph of 𝐺

𝑇

ground
truth

𝑉 𝐺 = 𝑉 𝑇1 ×𝑉(𝑇2)
Vertex set

This gives the number of binary variables

𝐺 = 𝑇1 ⊠𝑇2

𝑇1
𝑇2

input
trees



87

𝐺 = 𝑇1 ⊠𝑇2

𝑇1
𝑇2

input
trees

𝑇

ground
truth

𝑉 𝐺 = 𝑉 𝑇1 ×𝑉(𝑇2)
Vertex set

This gives the number of binary variables

We select a tree in 𝐺 while minimizing 
the difference in the clone proportions

solution

Difference in 
SNV clone 

proportions

Difference in 
CNA clone 

proportions

such that the clone tree 𝑇 is a 
refinement of 𝑇1 and 𝑇2

𝐽(𝑈,𝑈1, 𝑈2)

PACTION: Mixed-Integer Linear 
Programming



49 samples from 10 Metastatic prostate cancer patients [1]
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[1] Gundem et al. Nature, 520(7547):353–357, 2015.
[2] Simone Zaccaria and Benjamin J Raphael, Nature communications, 11(1):1–13, 2020.

1. Corrections made to clone proportions for each patient at localized. 
a. SNV clone trees and proportions from Gundem et al. [1]
b. CNA clones and proportions obtained from previous HATCHet analysis [2]. 
c. CNA clone trees selected via exhaustive enumeration.

2. Almost all patients required 
corrections for feasible 
reconciliation of SNV and 
CNA clone trees

SNV clone corrections CNA clone corrections Total corrections



PACTION reveals previously 
missing branching events
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Outline

Sarah Christensen

1. Background and theory: [RECOMB-CG 2018]
• Perfect Phylogeny Mixture (PPM) problem
• #PPM: exact counting and uniform sampling

2. Simulation results: [RECOMB-CG 2018]
• What contributes to non-uniqueness?
• How to reduce non-uniqueness?
• How does non-uniqueness affect current methods?

3. Summarizing solution space: [ISMB/ECCB 2019]
• Multiple consensus tree problem

4. Phylogenetic integration: [WABI 2021 / AMB 2022]

5. Applications
• Mutational signature dynamics [PSB 2020]
• Designing follow-up single-cell sequencing experiments [PLOS CB 2020]
• Visualizing spatial composition of a tumor [ISMB 2020]
• Identifying repeated evolutionary trajectories [ECCB 2020]
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Mutational Signatures
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© Gryte Satas

There are 4*6*4 = 96 
SNV categories:

AC>AA, ... GT>GG

Distinct mutational 
processes => 

distinct patterns of SNV 
categories
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Mutational Signatures – NMF 
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Alexandrov et al. [Nature, 2013] performed nonnegative matrix 
factorization on a large patient cohort (n = 10,000) 

identifying r = 30 signatures and exposures
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Mutational Signatures

Alexandrov et al. [Nature, 2013] performed nonnegative matrix 
factorization on a large patient cohort (n = 10,000) 

identifying r = 30 signatures and exposures
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Clone-specific exposure inference problems
Single	exposure	inference

32
1

11+2+3

Independent	exposure	inference

• Alexandrov et al., Cell 
reports 2013 

• Rosenthal et al., Genome 
Biology 2016

• Huang et al., 
Bioinformatics, 2017

• ...

• McPherson et al., Nature 
Genetics, 2016

• Jamal-Hanjani et al., NEJM 
2017

• ...
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Tree-constrained exposure (TE) inference

TE problem: [Christensen, Leiserson and El-Kebir, PSB 2020]:
Given phylogenetic tree T and feature matrix P, 

find a small number of exposure shifts along edges of T

Tree-constrained	exposure	inference

Exposure	shift
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PhySigs solves the TE problem to optimality

TE problem:
Given feature matrix P, corresponding count matrix C, 

signature matrix S, phylogenetic tree T and integer 
k ≥ 1, find relative exposure matrix D such that 

||P −SDC||F is minimum and D is composed of k sets of 
identical columns, each corresponding to a connected 

subtree of T. 
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PhySigs identifies accurate exposures without 
overfitting in a lung cancer cohort



100

PhySigs identifies an exposure shift supported 
by a subclonal driver
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PhySigs enables prioritization of trees in 
solution space
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Tree-constrained exposure (TE) inference

TE problem: [Christensen, Leiserson and El-Kebir, PSB 2020]:
Given phylogenetic tree T and feature matrix P, 

find k exposure shifts along edges of T

Tree-constrained	exposure	inference

Exposure	
shift

• Key idea: exposure may 
change along edges of 
phylogenetic tree

• TE interpolates between 
single exposure (SE) and 
independent exposure (IE) 
problems

• Model selection for k



Identify targets for treatment Understand metastatic development Recognize common patterns of 
tumor evolution across patients

Conclusion
Downstream analyses in cancer genomics critically rely on 

accurate tumor phylogeny inference
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1. Theory and 
background of 

perfect 
phylogeny 

mixture (PPM) 
problem

2. Simulation 
study to assess 

factors 
contributing to 
and impact of 

non-uniqueness

3. Summarizing 
solution space 
using multiple 

consensus trees

5. Example of 
downstream 
application: 
Mutational 
signature 
dynamics

4. Phylo-
genetic 

integration
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