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Outline
• Recap: RNA Secondary Structure Prediction
• Protein Contact Map Overlap

Reading:
• Lecture notes
• Caprara, A., Carr, R., Istrail, S., Lancia, G., & Walenz, B. (2004). 1001 Optimal 

PDB Structure Alignments: Integer Programming Methods for Finding the 
Maximum Contact Map Overlap. Journal of Computational Biology, 11(1), 
27–52. http://doi.org/10.1089/106652704773416876
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Nussinov Algorithm – Dynamic Programming
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Problem: Given RNA sequence 𝐯 ∈ A, U, C, G (, find a pseudoknot-free secondary structure 
with the maximum number of complementary base pairings“Grow” from substructures

(1) (2) (4)(3)

Nussinov algorithm

1 Li ji+1 j-1k

(1) (2) (3) (4)

Let 𝑠[𝑖, 𝑗] denote the maximum 
number of pseudoknot-free 

complementary base pairings in 
subsequence 𝑣/, … , 𝑣1

(1)
(1*)
(2)
(3)
(4)

s[i, j] = max

8
>>>>>>>><

>>>>>>>>:

0, if i � j,

s[i+ 1, j � 1] + 1, if i < j and (vi, vj) 2 �,

s[i+ 1, j � 1], if i < j and (vi, vj) 62 �,

s[i+ 1, j], if i < j,

s[i, j � 1], if i < j,

maxi<k<j{s[i, k] + s[k + 1, j]}, if i < j,

Question:  
Which case is 
redundant?



Nussinov Algorithm – Traceback Step
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Push (1, n) onto stack
Repeat until stack is empty:

pop (i,j)
if i ≥ j continue
else if s[i+1,j] = s[i,j]

push (i+1,j)
else if s[i,j-1] = S[i,j] 

push (i,j-1)
else if s[i+1,j-1] + 1 = s[i,j]

record (i,j) base pair
push (i+1,j-1)

else for k = i+1 to j-1
if s[i,k]+s[k+1,j] = s[i,j]

push (k+1,j)
push (i,k)

break (for loop)

“Grow” from substructures
(1) (2) (4)(3)

Nussinov algorithm

1 Li ji+1 j-1k

“Grow” from substructures
(1) (2) (4)(3)

Nussinov algorithm

1 Li ji+1 j-1k

“Grow” from substructures
(1) (2) (4)(3)

Nussinov algorithm

1 Li ji+1 j-1k

“Grow” from substructures
(1) (2) (4)(3)

Nussinov algorithm

1 Li ji+1 j-1k



Nussinov Algorithm – Traceback Step
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Push (1, n) onto stack
Repeat until stack is empty:

pop (i,j)
if i ≥ j continue
else if s[i+1,j] = s[i,j]

push (i+1,j)
else if s[i,j-1] = S[i,j] 

push (i,j-1)
else if s[i+1,j-1] + 1 = s[i,j]

record (i,j) base pair
push (i+1,j-1)

else for k = i+1 to j-1
if s[i,k]+s[k+1,j] = s[i,j]

push (k+1,j)
push (i,k)

break (for loop)

“Grow” from substructures
(1) (2) (4)(3)

Nussinov algorithm

1 Li ji+1 j-1k

“Grow” from substructures
(1) (2) (4)(3)

Nussinov algorithm

1 Li ji+1 j-1k

“Grow” from substructures
(1) (2) (4)(3)

Nussinov algorithm

1 Li ji+1 j-1k

“Grow” from substructures
(1) (2) (4)(3)

Nussinov algorithm

1 Li ji+1 j-1k

BackTrack(i, j)
if i < j

if s[i+1, j] = s[i, j]
BackTrack(i+1, j)

else if s[i, j-1] = S[i, j]
BackTrack(i, j-1)

else if s[i+1,j-1] + 1 = s[i, j]
Output (i, j)
BackTrack(i+1, j-1)

else for k = i+1 to j-1
if s[i, k]+s[k+1, j] = s[i, j]

BackTrack(k+1, j)
BackTrack(i, k)

break (for loop)



Outline
• Recap: RNA Secondary Structure Prediction
• Protein Contact Map Overlap

Reading:
• Lecture notes
• Caprara, A., Carr, R., Istrail, S., Lancia, G., & Walenz, B. (2004). 1001 Optimal 
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Central Dogma of Molecular Biology
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DNA à RNA à Protein
First proposed by Francis Crick in 1956.

Three fundamental molecules:
1. DNA

Information storage.  

2. RNA
Old view: Mostly a “messenger”.
New view: Performs many important 
functions, through 3-D structure!

3. Protein
Perform most cellular functions 
(biochemistry, signaling, control, etc.)
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Protein Structure Prediction
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Example
• http://pdb101.rcsb.org/motm/218
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On Sequence, Structure and Function: p53
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What is functionally important is conserved throughout evolution

Sequence Structure Function

•It can activate DNA repair proteins 
when DNA has sustained damage
•It can arrest growth by holding the cell 
cycle at the G1/S regulation point on 
DNA damage
•It can initiate apoptosis (i.e., 
programmed cell death) if DNA 
damage proves to be irreparable.
•It is essential for the senescence 
response to short telomeres.

https://en.wikipedia.org/wiki/DNA_repair
https://en.wikipedia.org/wiki/Cell_cycle
https://en.wikipedia.org/wiki/G1/S_transition
https://en.wikipedia.org/wiki/Apoptosis
https://en.wikipedia.org/wiki/Telomere
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What is 
functionally 
important is 
conserved 

throughout 
evolution



How to Compare Two Protein Sequences?
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TP53 (Human)
1 meepqsdpsv epplsqetfs dlwkllpenn vlsplpsqam ddlmlspddi eqwftedpgp
61 deaprmpeaa ppvapapaap tpaapapaps wplsssvpsq ktyqgsygfr lgflhsgtak
121 svtctyspal nkmfcqlakt cpvqlwvdst pppgtrvram aiykqsqhmt evvrrcphhe
181 rcsdsdglap pqhlirvegn lrveylddrn tfrhsvvvpy eppevgsdct tihynymcns
241 scmggmnrrp iltiitleds sgnllgrnsf evrvcacpgr drrteeenlr kkgephhelp
301 pgstkralpn ntssspqpkk kpldgeyftl qirgrerfem frelnealel kdaqagkepg
361 gsrahsshlk skkgqstsrh kklmfktegp dsd

p53 (Mouse)
1 mtameesqsd islelplsqe tfsglwkllp pedilpsphc mddlllpqdv eeffegpsea
61 lrvsgapaaq dpvtetpgpv apapatpwpl ssfvpsqkty qgnygfhlgf lqsgtaksvm
121 ctyspplnkl fcqlaktcpv qlwvsatppa gsrvramaiy kksqhmtevv rrcphhercs
181 dgdglappqh rirvegnlyp eyledrqtfr hsvvvpyepp eagseyttih ykymcnsscm
241 ggmnrrpilt iitledssgn llgrdsfevr vcacpgrdrr teeenfrkke vlcpelppgs
301 akralptcts asppqkkkpl dgeyftlkir grkrfemfre lnealelkda hateesgdsr
361 ahssylktkk gqstsrhkkt mvkkvgpdsd



How to Compare Two Protein Sequences?
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Local Alignment problem: Given strings 𝐯 ∈ Σ3 and 𝐰 ∈ Σ( and 
scoring function 𝛿, find a substring of 𝐯 and a substring of 𝐰 whose 
alignment has maximum global alignment score 𝑠∗ among all global 

alignments of all substrings of 𝐯 and 𝐰
[Smith-Waterman algorithm]

Global Alignment problem: Given strings  𝐯 ∈ Σ3 and 𝐰 ∈ Σ( and 
scoring function 𝛿, find alignment of 𝐯 and 𝐰 with maximum score

[Needleman-Wunsch algorithm]



How to Compare Two Protein Structures?
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Contact Map Overlap: Example Instance
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Caprara, A., Carr, R., Istrail, S., Lancia, G., & Walenz, B. (2004). 1001 Optimal PDB Structure Alignments: Integer Programming Methods for Finding the Maximum Contact Map Overlap. 
Journal of Computational Biology, 11(1), 27–52.
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DOI: 10.1089/cmb.2009.0196

Contact Map Overlap: Equivalent Representations



Integer Linear Programming

18Inken Wohlers. Exact algorithms for pairwise protein structure alignment. PhD thesis, VU University Amsterdam, 2012



Separating Cutting Planes

19Inken Wohlers. Exact algorithms for pairwise protein structure alignment. PhD thesis, VU University Amsterdam, 2012



Cutting Plane Method

20Inken Wohlers. Exact algorithms for pairwise protein structure alignment. PhD thesis, VU University Amsterdam, 2012



Branch & Cut: Solving an ILP
• Whiteboard
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Cut Separation in CMO
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Inken Wohlers. Exact algorithms for pairwise 
protein structure alignment. PhD thesis, VU 
University Amsterdam, 2012


